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Abstract
Effective field theories provide a formalism for categorizing low-energy effects of a high-
energy fundamental theory in terms of the low-energy degrees of freedom. This process
has been well established in mapping the fundamental theory of QCD in terms of the
hadronic degrees of freedom, which allows for quantitative connections and predictions
between hardronic observables.
A more direct approach to performing the non-perturbative QCD calculations is through
lattice QCD. These computationally intensive calculations approximate continuum physics
with a discretized lattice to extract hadronic phenomena from first principles. However, as
in any approximation, there are multiple systematic errors between lattice QCD calculation
and actual hardronic phenomena.
To account for these systematic effects in terms of hadronic interactions, effective field
theory proves to be useful. However, the fundamental theory of interest here is lattice QCD,
as opposed to the usual continuum QCD. In this work, the basics of this process are outlined,
and multiple original calculations are presented: effective field theory for anisotropic lattices,
I=2 ππ scattering for isotropic, anisotropic, and twisted mass lattices. Additionally, a usage
of effective field theories and the employment of an isospin chemical potential on the lattice is
proposed to extract several computationally difficult scattering parameters. Lastly, recently
proposed local, chiral lattice actions are analyzed in the framework of effective field theory,
which illuminates various challenges in simulating such actions.
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Chapter 1
Introduction
Quantum chromodynamics (QCD) is the fundamental theory that governs hadrons
(mesons and baryons) and hadronic interactions. In QCD, fermions in the one-index funda-
mental representation of the SU(3) gauge group1, also known as quarks, are coupled with
spin-1 bosons of the same gauge group, known as gluons. This non-abelian SU(3) gauge
group, whose rank is referred to as color, contains 8 generators, each of which are associated
with a gluon in the theory. All hadrons are “color neutral”; baryons contain three quarks
in a state antisymmetric in color, and mesons contain a quark and anti-quark that form a
color singlet. The QCD Lagrangian including the three lightest quarks (up, down, strange)
is given by
L = −1
4
F aµνF
µν
a +
3∑
f=1
ψfi
(
iD/+mqf
)
ij
ψfj (1.1)
where ψ is the quark fields with flavor index f and color index i, j, Dµ,ij = ∂µIij + igAµ,ij
with Aµ,ij = A
c
µT
c
ij and T
c
ij being the eight generators of SU(3), and the kinetic and self
interactions of the gauge fields are given by F aµν = ∂µA
a
ν − ∂νAaµ + i[Aµ, Aν ]a.
The most significant properties of QCD are that the theory is both asymptotically
free and confining. In other words, at short distance/high-energy, the coupling becomes
perturbatively small and at long distances/low-energy, the coupling becomes strong. A
perturbative calculation of the QCD beta function at high energy yields a negative sign (for
the number of flavors of quarks in the standard model), which leads to a decaying coupling
constants as the energy increases (asymptotic freedom). While not mathematically proven,
QCD is believed to be confining, where it requires more and more energy to separate a quark
or anti-quark in a hadron. What makes this statement so difficult to prove is the fact that
at long distances the theory is strongly coupled, and thus, the usual perturbative arguments
break down. As a result, another method is required to compute non-perturbative physics,
and lattice QCD is the best option available.
1.1 Lattice QCD
In quantum field theory, there exists multiple methods for regulating divergent calcu-
lations. One such method is to use a lattice; that is, to break up the continuum of space
and time into many individual sites, which is often referred to as discretizing space and
time. For every finite sized lattice, there are two parameters introduced: the lattice spacing
1This is equivalent to two-index antisymmetric representation for an SU(3) gauge group
2
between sites and the total length of the lattice. For a simple cubic lattice (hypercubic if
time is included), these two parameters in a given direction are simply related by the num-
ber of sites in that direction. By definition, this particular regulator breaks the continuous
translational symmetry to a discrete translational symmetry, but as we take the continuum
limit (the spacing between sites goes to zero as the length of the lattice goes to infinity),
we hope to recover the continuum result.
Non-perturbative lattice calculations take advantage of this regulator along with the
path integral representation to perform calculations that do not require a perturbatively
small parameter. The path integral approach requires defining a partition function given
by
Z =
∫
d[ψ]d[ψ]d[A]eiS(ψ,ψ,A), (1.2)
where d[ψ] =
∏
n dψn represents all possible paths of ψ and the action is related to the
Lagrangian by S(ψ,ψ,A) =
∫
d4xL(ψ,ψ,A). Another useful quantity to define is the
correlation function given by
〈f(ψ,ψ,A)〉 = Z−1
∫
d[ψ]d[ψ]d[A]f(ψ,ψ,A)eiS(ψ,ψ,A), (1.3)
which is analogous to the definition of the expectation value in statistical mechanics. Both of
these equations require (infinitely) many multiple-dimensional integrals to compute, which
is computationally difficult for non-perturbative systems. Rather than the diagrammatic
approach from perturbation theory, lattice calculations utilize a Monte Carlo integration
method2, where the exponential of the Euclidean rotated3 path integral acts as a proba-
bility distribution. As a result of analyzing correlation functions in this framework, energy
differences and matrix elements can be extracted. The example of the scalar case, as in
Ref. [2], is shown in Appendix A.
There are several key issues that arise in non-perturbative lattice calculations. One
that is relevant to the results in this paper is the fermion doubling problem. As mentioned
previously, to perform numerical lattice calulations, the space and time directions are dis-
cretized, with the inverse of the lattice spacing between them acting as the ultraviolet cutoff
of the theory. However, depending on exactly how the action is discretized (in particular,
the fermion terms), a single fermion attached to each node can describe multiple fermions
in the continuum limit. The most basic example of this effect is from the na¨ıve fermion
lattice action. The fermionic part of this discretized action (without gauge interactions) is
given by
SNF = a
4
∑
x,µ
1
2a
[
ψxγµψx+µˆ − ψx+µˆγµψx
]
, (1.4)
where, in conventional lattice notation, a is the lattice spacing, x is the location of a given
site and x+µˆ represents a site that is one lattice spacing away from x in the µ direction4, and
ψx and γµ are the fermionic fields and Dirac matricies, respectively. This action is equivalent
to taking the continuum kinetic action (ψγµ∂µψ) and approximating the derivative in the
na¨ıve way (∂xψ(x) ≈ 1a
(
ψ(x+ a)− ψ(x))). Using the discrete Fourier expansion
ψx =
1
L4
∑
p
eix·pψp, (1.5)
2For more detailed information, see Ref. [1].
3Transformation defined by going to imaginary time, t→ iτ . As a result the integrand eiS → e−S .
4µ = 1, · · · , 4, where the fourth direction is the Euclidean rotation of the Minkowski time direction
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the action becomes
SNF =
1
L4
∑
p,µ
ψpγµ
1
2a
(eiapµ − e−iapµ)ψp = 1
L4
∑
p,µ
ψpγµ
[ i
a
sin(apµ)
]
ψp, (1.6)
where iaψpγµ sin(apµ) is the reciprocal of the propagator. Taking the continuum limit na¨ıvely
(a→ 0) yields the correct continuum (Euclidean) behavior for the kinetic term ( ia sin(apµ) ≈
ipµ). However, it is important to note that the for every pole of the propagator, there is
a particle. In other words, a particle is present whenever sin(apµ) = 0. Thus, values of
apµ = (0, π) lead to two poles in each direction. For a four-dimensional lattice, there are 2
4
poles, which lead to 16 particles that are often referred to as “doublers.” In this particular
discretization, by representing a single fermion field at each node, the action is actually
describing 16 fermions. Since the goal of lattice QCD is to simulate two or three flavors,
another discretization is required.
In order to achieve the correct continuum behavior of the theory being simulated on the
lattice, an natural extension is to add another term to the na¨ıve quark action that vanishes
in the continuum limit. As a result, the Wilson action was developed, which, in lattice
terminology is given by
SW = a
4
∑
x,µ
1
2a
[
ψx(γµ − r)ψx+µˆ − ψx+µˆ(γµ + r)ψx + rψxψx
]
, (1.7)
where r is the Wilson parameter. While this action appears significantly different from the
na¨ıve quark action, it is equivalent to adding the discretized version of the term arψ∂µ∂µψ.
Applying the same Fourier transform as before,
SW =
1
L4
∑
p,µ
ψp
[ i
a
γµ sin(apµ) +
r
a
(
cos(apµ)− 1
)]
ψp. (1.8)
This action only contains one pole (when apµ = 0) and reproduces the correct continuum
behavior as the lattice spacing approaches zero. Thus, this action describes only one particle.
If we included two or three flavors of this action, we can simulate two or three flavor QCD.
While this action appears to have removed the fermion doubling problem, it leads to a
new problem. The issue that arises from this discretization is that it unphysically breaks
chiral symmetry5. For a free action, this effect will vanish in the continuum limit. How-
ever, QCD is a gauge theory with gauge interactions that can and will lead to radiative
corrections. Chiral symmetry restricts many operators that could be radiatively generated.
However, if chiral symmetry is broken in an unphysical way, as is the case with the Wilson
action, this will lead to unphysical operators that will contaminate the final results. What
makes it even worse is that these operators can diverge in the continuum limit and require
a difficult non-perturbative tuning to remove. These issues will be explained in more detail
in section 2.
1.1.1 Chiral Symmetry in Lattice QCD
One important question in Lattice QCD is whether or not it is possible to both resolve
the fermion doubling problem and keep chiral symmetry intact. Over the last two decades,
5The Lagrangian LF = ψDFψ is chirally symmetric if γ5DF γ5 = −DF . A quick way to see if an operator
is chirally symmetric is to check whether it contains an odd number of γµ’s. If it has an even number of
γµ’s, it is not chirally symmetric (note, the number of γ5’s does NOT alter chirality).
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this topic has been one of great interest and has led to several review articles [3–6] as it is
now considered a pivotal subject in lattice QCD.
The Wilson lattice action is an example where chiral symmetry is sacrificed in order
to remove the doublers. However, this behavior is not unique to the Wilson lattice action
and, in fact, Nielsen and Ninomiya proposed a no-go theorem for chiral symmetry on the
lattice. Specifically, the theorem states that a lattice action will contain doublers as long
as three properties are held true: 1) Discrete translational symmetry, 2) Locality, 3) Chiral
symmetry. In other words, one or more of these three properties must be sacrificed in order
to remove doublers. Another way of understanding the Nilsen-Ninomiya theorem is in terms
of the chiral anomaly. For example, the na¨ıve lattice action has an exact U(1)A symmetry
which persist all the way to the continuum limit. Continuum QCD, on the other hand,
has an anomolus U(1)A symmetry that is broken by quantum corrections (in particular the
one loop fermionic triangle diagrams). Thus, in order to produce the correct continuum
physics for QCD, a source for chiral symmetry breaking must be present to reproduce the
correct flavor-singlet chiral anomaly defined in the standard way6. One way to do this is to
break chiral symmetry explicitly, as in the Wilson action. However, as mentioned before,
this leads to unwanted radial corrections. A more favorable discretization takes advantage
of the Ginsparg-Wilson relation [8].
If a fermionic action has exact chiral symmetry, it obeys the relation
γ5D +Dγ5 = 0. (1.9)
Another relation akin to the one above is the Ginsberg-Wilson relation, which is given by
γ5D +Dγ5 = aDγ5D , (γ5D)
† = γ5D. (1.10)
This relation introduces a small source of chiral symmetry breaking at O(a), and in the
continuum limit removes doublers, yields radiative corrections ala continuum QCD, and
yields a source for the flavor-singlet chiral anomaly. Two solutions to the Ginsparg-Wilson
relation have been found, both of which are equivalent in the appropriate limit. The first
of such solutions is domain wall fermions [9–11] where four-dimensional chiral fermions
are given by a mass step function in an additional fifth direction. In the limit of an infi-
nite fifth direction, this yields a single four-dimensional Dirac fermion (a left-handed and
right handed “wall” in the fifth direction due to periodic boundary conditions). In reality,
simulations are performed with a finite fifth directions, but the residual chiral symmetry
breaking is exponentially suppressed. Another equally valid realization of Ginsparg-Wilson
fermions are known as overlap fermions [12–14], which satisfy the relations with a non-local
four-dimensional operator. In has been shown [15,16], that including all the non-local con-
tributions of the overlap operator is equivalent to the domain wall action with an infinite
fifth direction (the two actions are related via a KaluzaKlein reduction).
While both domain wall and overlap lattice actions have favorable features, the major
drawback to both actions are computational costs. Either simulating an extra dimension
or multiple non-local operators leads to computational costs about a factor of ten greater
than four-dimensional, local actions. Thus, it would be beneficial if some cheap, local chiral
action could be found, and this scenario of minimally doubled, non-orthogonal actions will
be discussed in chapter 6.
6As shown in Ref. [7], if one defines a non-singlet axial current for the naive action, the correct chiral
anomaly can be reproduced. In other words, in the usual notation, the naive action has a flavor non-singlet
chiral anomaly.
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1.2 Effective Field Theory
Throughout physics, there are multiple scales that arise when analyzing phenomena. An
effective field theory (EFT) is a theory that maps the symmetries of a more fundamental
theory (usually at a higher energy scale) in terms of more relevant degrees of freedom
(usually at a lower energy scale). An example of this is the low-energy limit of the Standard
Model, where the heavy, high-energy modes of the W and Z particles are “integrated out”
and act as small corrections to the low energy theory inversely proportional to powers of
the W and Z mass.
To construct an EFT from a more fundamental theory, the first step is to identify
the symmetries and explicit symmetry breaking in the fundamental theory. Next, for this
approach to be controlled and fruitful, a seperation of scales is necessary. For example, if a
theory has a lower scale of p and a higher scale of Λ, then the expansion parameter in the
EFT would be p/Λ. In terms of the relevant degrees of freedom in the EFT, which depend
on the particular energy ranges of interest, one must write down all the possible operators
that reflect the symmetries of the fundamental theory (the explicit symmetry breaking can
be mapped through a spurion analysis) for a given order in the power counting parameter.
Each of these parameters have a coefficient known as low-energy constants (LECs) that are
O(c/Λn) in the power counting where n is determined by the order of the EFT and c is O(1).
These LECs are not known a priori and require external input to fix. For non-perturbative
theories, like QCD, the non-perturbative effects in the calculation are contained in these
terms, and require a non-perturbative calculation, such as the lattice, to determine.
Throughout this work, the high-energy, fundamental theory is QCD (more specifically,
lattice QCD) and the relevant degrees of freedom of interest in our EFT are hadrons,
nucleons and mesons. The particular EFT of interest will depend which limits we explore.
For example, if we are looking at characteristic momenta far below the mass of the particles
of interest, non-relativistic field theory is appropriate. Additionally, if pion mass is small
compared to the relevant cut-off scales, such as the chiral breaking scale, the pion mass can
be viewed as a correction to the chiral limit (mpi = 0). Most of this work will focus on these
limits, and the resulting EFTs, namely chiral perturbation theory and heavy baryon chiral
perturbation theory (HBχPT ).
1.2.1 Continuum Chiral Perturbation Theory
Chiral perturbation theory (χPT ) is the mesonic EFT of QCD when the characteristic
momenta are on the same order as the pion mass (mpi ∼ 135 MeV), which are both well
below the chiral breaking scale (Λχ ∼ 4π2fpi ∼ 1 GeV). Thus, the characteristic momenta,
p and the pion mass, mpi act as the expansion parameters for continuum χPT .
As mentioned previously, the first step to constructing χPT is to identify the symmetries
of QCD. The QCD lagrangian (Eq. (1.1)) has, in addition to the SU(3) gauge symmetry,
Lorentz symmetry, and is invariant under parity, charge conjugation, and time reversal.
However, the main symmetry of focus will be chiral symmetry. In the massless limit, the
QCD Lagrangian is chirally symmetric, while the mass term breaks the chiral symmetry
explicitly. This effect can be best seen by rewriting the fermionic part of the QCD lagrangian
in terms the left and right-handed components of ψ:
LF = ψ(D/ +mq)ψ = ψLD/ψL + ψRD/ψR +
(
ψLmqψR + ψRmqψL
)
, (1.11)
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where
ψL =
(1 + γ5
2
)
ψ, ψR =
(1− γ5
2
)
ψ,
ψR = ψ
(1− γ5
2
)
, ψL = ψ
(1 + γ5
2
)
,
The chiral symmetric transformation in terms of these components is given by
ψL = LψL, ψL = ψLL
†
ψR = RψR, ψR = ψRR
†,
where the chiral flavor transformations L and R obey the relation L†L = 1 and R†R = 1.
The generators of the transformations are those of the SU(NF ) flavor group. In this work,
we will only focus on either two or three lightest flavors, and these transformations obey
SU(2) and SU(3) flavor, respectively.
In the massless limit, the action is invariant under an L and R transformations that are
independent of each other. As a result, the action pocesses an SU(NF )L⊗SU(NF )R⊗U(1)B ,
where the last U(1)B represents baryon number conservation. Since QCD is a confining the-
ory, the chiral condensate (〈ψψ〉) is non-zero, and thus this flavor symmetry is spontaneously
broken. Both phenomenogical and lattice evidence supports that this symmetry is spon-
taneously broken to the vector subgroup (SU(NF )L ⊗ SU(NF )R → SU(NF )V leading to
N2F − 1 Nambu-Goldstone particles. In three flavor QCD, these particles include the pions,
kaons, and eta (the eta-prime is a flavor singlet whose mass differs from the eta due to
the chiral anomaly). With the knowledge in hand that non-zero chiral condensate is in the
vector subgroup (〈uu〉 = 〈dd〉 = 〈ss〉), then it is adventagous to write
〈ψLiψRj〉 ≡ Ωij = ωδij , ω 6= 0. (1.12)
Performing a chiral transformation, this condensate becomes(
LΩR†
)
ij
= ω
(
LR†
)
ij
≡ ωΣij. (1.13)
If L = R, then Σij = δij leaving the vector subgroup unbroken as expected. If L 6= R,
then Σij represents a different vacuum from the vector subgroup. As mentioned before, this
vacuum, whose generators are that of SU(NF ), is a matrix of the Nambu-Golstone particles
(pion, kaon, eta, etc.) fields, which are the relevant degrees of freedom for χPT . In massless
QCD, these different vacua are degenerate and each of these particles are massless. However,
since QCD does contain an explicit chiral breaking term proportional to the quark mass,
this term “tips” the potential, giving these psuedoscalar particles a mass. To see how this
occurs, it is important to follow the procedure for mapping the mass term into the chiral
theory.
When constructing an effective field theory, one must write down all the possible oper-
ators at a given order that obey all the symmetries of the fundamental theory. Thus, for
mesonic observable in χPT , the theory must be written in terms of the mesonic matrix
Σij . Since there are no space-time indices in this matrix, the Lorentz symmetry is pre-
served as long as derivatives of these matrices are contracted in a Lorentz invariant way7.
7In Chapter 2 we will explore lattice theories that break the Euclidean equivance of Lorentz symmetry
and the consequences. As a notational point of emphasis, up and down contracted indices (such as ∂µ∂
µ)
will represent Minkowski space and only down contracted indices (such as ∂µ∂µ) will represent Euclidean
space.
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Under parity, Σ→ Σ†, and an effective field theory of QCD should be invariant under this
transformation8. Under chiral transformations,
Σ→ LΣR† , Σ† → RΣ†L†. (1.14)
Thus, when constructing the chirally invariant χPT Lagrangian without a mass with the
monenta p2 as the expansion parameter, the only combination at leading order (LO) is
given by
Lm=0LO =
f2
4
tr
(
∂µΣ
†∂µΣ
)
, (1.15)
where the coefficient f can be related to the pion decay constant fpi. Another possible
operator is tr(Σ†Σ), but since Σ†Σ = 1, this term has no field dependence is just shifts the
Lagrangian by an overall constant. Thus, at LO in p2, there is only one term when mq = 0.
To include the mq dependence, it is best to rewrite the mass term in QCD in a specific way:
Lm = ψLmqψR + ψRm†qψL, (1.16)
where mq is the diagonal mass matrix (in the SU(2) isospin limit, mq = mI). This way of
writing the mass term in QCD seems illogical, but it makes sense when mq is promoted to
a spurion in order to account for its effects in χPT . Upgrading mq to the spurion
9 s+ ip,
this term transforms under chirality the same way as Σ; namely (s + ip) → L(s + ip)R†.
Thus, we can now construct the next terms in the chiral Lagangian of the form
tr
(
(s + ip)Σ† + (s− ip)Σ) (1.17)
In the real world and most lattice QCD simulations, mq is purely scalar, so we can set
s = Bmq and p = 0, which correctly accounts for the chiral symmetry breaking effect of
mq. B is proportional to the chiral condensate. As a result, all the LO contributions to
χPT are given by
LLOχ =
f2
8
tr
(
∂µΣ
†∂µΣ
)
+
Bf2
4
tr
(
mq(Σ
† +Σ)
)
. (1.18)
The matrix Σ = e2iφ is
φ =

 pi0√2 π+
π− − pi0√
2

 , mq =
(
mu 0
0 md
)
, (1.19)
for two flavors, and
φ =


pi0√
2
+ η√
6
π+ K+
π− − pi0√
2
+ η√
6
K0
K− K0 − 2η√
6

 , mq =

mu 0 00 md 0
0 0 ms

 . (1.20)
for three flavors. The particular convention used in this Lagrangian is consistent with
f ∼ 132 MeV.
8This is not the case for the twisted mass lattice action in Chapter 4 or the convenient lattice action for
finite isospin density in Chapter 5
9The s stands for scalar part and p stands for the parity violating pseudoscalar part and should not be
confused with the momenta.
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As an example of a LO two-flavor tree-level calculation for the pion mass, one must first
expand (1.18) in terms of pion fields, giving
LLOχ = ∂µπ+∂µπ− −B0(mu +md)π+π− + · · · , (1.21)
where the dots represent three or more pion interactions along with neutral pion interactions.
From this Lagrangian, the LO pion mass is given by
m2pi = B0(mu +md), (1.22)
which is a famous result illustrating that m2pi ∝ mq. Extending this analysis to three-flavor,
the LO K and η mass are given by
m2K+ = B0(mu +ms) , m
2
K0 = B0(md +ms)
m2η = B0
(
4
3
ms +
1
3
mu +
1
3
md
)
=
2
3
m2K+ +
2
3
m2K0 −
1
3
m2pi, (1.23)
where the last equation yields the Gell-Mann-Okubo formula, which agrees with experiment
up to 10%. The next-to-leading order (NLO) calculation of the mass requires one-loop
corrections involving the LO terms in the Lagrangian and tree-level contributions from the
NLO terms in the Lagrangian (terms proportional to m4pi or p
4). Constructing the NLO
requires the same procedure as the LO case, namely, writing down all possible independent
operators that obey the overall symmetry. However, the process is more complicated since
the number of operators that can be written down has increased significantly. In two-flavor
χPT , a simplification occurs ((Σ† +Σ) happens to be proportional to the identity matrix
in flavor space) that leads to only four necessary operators at NLO:
Lcont =f
2
8
tr(∂µΣ∂
µΣ†) +
Bf2
4
tr(mqΣ
† +Σmq)
+
ℓ1
4
[
tr(∂µΣ∂
µΣ†)
]2
+
ℓ2
4
tr(∂µΣ∂νΣ
†)tr(∂µΣ†∂νΣ)
+
(ℓ3 + ℓ4)B
2
4
[
tr(mqΣ
† +Σmq)
]2
+
ℓ4B
4
tr(∂µΣ∂
µΣ†)tr(mqΣ† +Σmq), (1.24)
where the LECs ℓ1 − ℓ4 are the original Gasser-Leutwyler coefficients defined in Ref. [17].
This Lagrangian will be one of the main focuses in Chapter 3. For three-or more flavors,
this simplification does not occur and 8 operators are necessary10. The three-flavor NLO
Lagrangian will not be the focused on in this thesis, but will be included in Appendix B for
completeness.
1.2.2 Symanzik Action from Lattice QCD
As mentioned previously, Lattice QCD is a discretized approximation to QCD. For
certain lattice actions in the continuum limit (the lattice spacing approaches zero), one
expects to achieve continuum QCD. However, it is impossible to simulate with zero lattice
spacings, so it would be convenient to develop a continuum EFT for the lattice action at
small lattice spacings that would account for both the continuum theory and the finite a
corrections that are proportional to powers of the lattice spacings. This EFT is referred to
as the Symanzik action [18–21].
10If the action were to contain external, dyamical gauge fields, there would be more operators needed.
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To illustrate how the Symanzik action is developed, the Wilson lattice action, Eq. (1.7)
will be used. To begin the process, the symmetries of the Wilson lattice action (now acting
as our fundamental theory) must be mapped onto the continuum EFT. Many of the sym-
metries are similar to continuum QCD in Euclidean space, but there are two key differences.
The first one, that was mentioned previously, is that the action breaks chiral symmetry.
Second, the lattice does not contain a continuum translation symmetry, but rather contains
a discretized translational symmetry. To be more specific, the O(4) rotational symmetry
of the Euclidean continuum (the Euclidean version of Lorentz symmetry) is broken to the
hypercubic group. Thus, whatever Symanzik action we write down must account for these
broken symmetries.
When constructing an EFT, any possible operator can and will be generated unless a
symmetry prevents them. As a result, a convenient way of organizing the Symanzik action
is as follows:
LSym = 1
a
L(3) + L(4) + aL(5) + a2L(6) + · · · , (1.25)
where a is the lattice spacing, and L(n) represents the linear combination of all the linearly
independent operators with mass dimension n. The dots represents all other powers of
positive n (there are no operators allowed operators the Wilson action for mass dimensions
of 1 or 2). Each L(n) can be written as
L(n) =
∑
i
c
(n)
i O(n)i , (1.26)
with O(n)i represents the set of allowed independent operators at mass dimension n and
c
(n)
i are the undetermined, unitless coefficients of these operators. As in the continuum
χPT case, some effort has to be made in order to show that one has the minimum set of
operators (often, operators can be related through change of variables). Focusing on just
the fermionic part of the action, the operators needed through O(a) are given by
3 : O(3)1 = ψψ
4 : O(4)1 = ψD/ψ
5 : O(5)1 = iψσµνFµνψ. (1.27)
There is only one dimension-5 operator needed, which is referred to as the Sheikholeslami-
Wohlert [20] term for short. Since there is only one term at O(a), one approach is to add
this operator to the actual lattice action to remove all the O(a) effects in the calculation11.
At O(a2), there are 14 additional operators (which are catalogued in Ref. [22]), which
consist of both bilinears and four-fermion operators. The most notable of these operators
is ψγµDµDµDµψ, which is the first term that breaks the O(4) rotation symmetry to the
hypercubic group.
One important issue that becomes clear from the Symanzik action is the complication
that arise when taking the continuum limit (when a → 0). Ultimately, the desired con-
tinuum limit is QCD. However, as can be seen in Eq. (1.25), there are non-physical terms
that can either remain or diverge in the continuum limit. There are three categories these
11This approach is often referred to as “O(a) improved” or “Clover improved” Wilson action. Since the
coefficient of the Sheikholeslami-Wohlert term depends on non-perturbative physics, this process requires a
non-trivial, non-perturabtive fine tuning of the coefficients in the lattice action.
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operators fall in: “Relevant” operators that have a mass dimension less than four and di-
verge in the continuum limit, “Marginal” operators that have a mass dimension of four and
remain finite in the continuum limit, and “Irrelevant” operators that have a mass dimension
greater than four and vanish in the continuum limit. For unwanted, unphysical operators,
irrelevant operators can be suppressed by reducing the lattice spacings. However, relevant
and marginal operators require an additional non-perturbative fine tuning. For example,
the Wilson action has one relevant and no marginal operators. The one relevant operator
∼ 1aψψ has the same form as the QCD mass term. Effectively, this relevant operator acts
as a large (on the order of the ultraviolet cutoff of the inverse lattice spacings) additive
renormalization of the quark mass. However, in reality, we want to simulate QCD at finite
and small quark masses. Thus, when simulating the action, one needs to add an additional
mass term to the action to cancel this divergence, which requires a non-perturbative tuning
(such as verifying the measurement of the pion mass in the chiral limit is zero). A similar
process would be required for each additional relevant or marginal operator an action might
generate. It should be noted, however, that each additional fine tuning becomes signifi-
cantly more difficult to satisfy. Thus, too many fine tunings of a lattice action can prevent
a lattice action from being practically useful.
Lattice Chiral Perturbation Theory
Just as χPT was the EFT of continuum QCD, lattice chiral perturbation theory (LχPT )
is the EFT to the continuum Symanzik action in the previous section. The power-counting
for LχPT that will be analyzed throughout this thesis is p2 ∼ mq ∼ a, known as the generic
small mass (GSM) power-counting. Another power-counting of interest when performing
calculations when quark masses are much smaller than lattice spacings, namely mq ∼ a2,
is known as the Aoki regime. From LχPT , one can calculate the analytic lattice spacing
dependence of mesonic observables, which aid in continuum extrapolations. This approach
has been a large focus for categorizing these systematic effects in lattice QCD [22–27].
For a Wilson lattice action whose relevant operator has been fine tuned, the new terms
as compared to continuum QCD are (primarily) the Sheikholeslami-Wohlert term and the
O(4) breaking term. The O(4) breaking term, ψγµDµDµDµψ, first appears at O(a2p4),
which in the GMS power-counting, is at a high order (N3LO) and is a small effect in most
standard lattice calculations. The greater focus will be on the Sheikholeslami-Wohlert term,
which obeys the same symmetries as the QCD mass term. Thus, many of the operators
in LχPT are analogous to the mass terms in χPT with different LECs (indicated by w or
W ). The resulting theory can be given in terms the continuum χPT Lagrangian and the
contribution from an isotropic lattice spacing,
Liso =Lcont +∆Liso. (1.28)
∆Liso =asWf
2
4
tr(Σ† +Σ) +
(w3 + w4)asWB0
4
tr(mqΣ
† +Σmq)tr(Σ† +Σ)
+
w′3(asW )
2
4
[
tr(Σ† +Σ)
]2
+
w4asW
4
tr(∂µΣ∂
µΣ†)tr(Σ† +Σ). (1.29)
This Lagrangian (along with its anisotropic counterpart) and observables calculated is the
focus of Chapter 3.
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1.3 Organization
The structure of this thesis is organized in the following way. Chapter 2, which is
primarily based on Ref. [28] with P. Bedaque and A. Walker-Loud, develops the EFT for
anisotropic lattice actions; namely, lattice actions with temporal lattice spacings different
from spacial lattice spacings. Chapter 3, based on Ref. [29], utilizes this anisotrpic EFT
to calculate analytic extrapolation formulae for several observables, including pion masses,
decay constants, and, most notably, phase shifts for I=2 ππ scattering. Chapter 4, based
on Ref. [30] with A. Walker-Loud and J-W. Chen, also calculates extrapolation formulae
for phase shifts for ππ scattering, but for the twisted mass lattice action, whose results
were used in practice to extrapolate to the continuum limit in Ref. [31, 32]. Chapter 5,
based on Ref. [33] with P. Bedaque and B. Tiburzi, proposes a novel method of extracting
several scattering parameters between baryons and mesons, which is currently prohibitively
expensive in computing time due to the presence of disconnected contributions. Chapter
6, based on Ref. [34] and previous work in Ref. [35, 36] with P. Bedaque, B. Tiburzi, and
A. Walker-Loud , EFT methods are used to pin down unphysical effects from lattice spacings
for several non-orthogonal lattice actions, including the recent graphene-inspired lattice
action proposed by Creutz [37]. As a final note, the reader should be aware that some
notation has been altered from chapter to chapter to remove ambiguity of symbols (for
example, in Chapter 4, the lattice spacing is referred to as b as opposed to the usual a since
a in that chapter is reserved for the scattering length). As a result the conventions are
defined in each chapter.
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Chapter 2
Effective Field Theory for the
Anisotropic Wilson Lattice Action
2.1 Overview
All lattice QCD calculations are performed with finite lattice spacings and finite spacial
extent (both of which are examples of lattice artifacts). In addition to the extrapolations
from the unphysically large quark masses that present lattice QCD calculations require,
extrapolations from a discretized lattice theory to the desired continuum result is also
necessary. In this work, we will focus mainly on the effects from the finite lattice spacings.
The formalism that is employed here is a generalization of chiral perturbation theory that
includes both quark mass and lattice spacing dependence. This patricular formalism, which
has been utilized to calculate a plethora of lattice observables [22,26,27,38–40], is valid for
a specific power counting of the lattice spacing effects, specifically these effects are on the
same order as the contribution from the quark mass (p2 ∼ Bmq ∼ Wa). These resulting
formula often depend on LECs which are not known a priori. These LECs, which depend
on the details of the short distance physics of the non-perturbative calculation, can be
separated into two categories: ones that contribute to the actual low energy physics of
interest (physical contributions), and ones that are a result of the finite lattice spacing of
the particular lattice calculation (unphysical contributions). The goal of this formalism of
χPT is to isolate these unphysical contributions, so they can be removed in the proper
continuum extrapolation.
As mentioned in Appendix A, the lowest energy of the system can be extrapolated from
the long time behavior of the Euclidean correlation functions. Such correlation functions can
suffer from signal-to-noise degeneration for certain baryonic observables at long times (see
Ref. [41] for more details) and can be contaminated by excited states at short times. Thus,
one method to tame such issues is to utilize an anisotropic lattice where the lattice spacing
in time differs from the lattice spacing in space by a proportionality factor ξ, whose relation
is given by at = as/ξ. Such lattices can give more temportal resolution. This is highly
beneficial for multiple calculations such as heavy systems consisting of light quarks (for
example, nucleon-nucleon calculations) where few time slices remain after the excited state
contamination dies off. In other words, anisotropic lattices can give additional information,
which might lead to an earlier identification of the ground state plateau. Anisotropic lattices
have been used extensively in the study of heavy quarks and quarkonia [42,43], glueballs [44,
45], and excited state baryon spectroscopy [46]. Also, anisotropic lattices may aid in the
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study of nucleon-nucleon [47,48] and hyperon-nucleon [49] interactions on the lattice.
Since anisotropic lattices are in production and currently being used [50–53], the goal
of this work is to create an effective field theory that encompasses the details and lattice
artifacts present in these lattices. This work allows for one to perform a systematic analysis
to identify and remove the new unphysical lattice artifacts that these anisotropic lattices
present. We begin by constructing the anisotropic version of the Symanzik action [18,19] for
both the Wilson [54] and O(a) improved Wilson [20] actions in Sec. 2.2. Then in Sec. 2.3,
we construct the chiral Lagrangians [17, 55, 56] relevant for these anisotropic lattices for
both mesons and baryons, focussing on the new effects arising from the anisotropy. We also
provide extrapolation formulae for these hadrons with their modified dispersion relations.
In Sec. 2.3.1, we highlight an important feature of anisotropic actions; for a fixed spatial
lattice spacing and bare fermion mass, if the isotropic action is in the QCD-phase, this does
not guarantee the anisotropic action is outside the Aoki-phase [57].
2.2 Anisotropic Wilson lattice Action
The starting point for our discussion is the anisotropic lattice action and its symmetries,
from which we will construct the continuum effective Symanzik action [18, 19], which will
then allow us to construct the low-energy EFT describing the hadronic interactions including
the dominant lattice spacing artifacts [26]. For the isotropic Wilson (and O(a) improved [20]
Wilson) action, this program has been carried out to O(a2) for the mesons [22, 26, 27] and
baryons [39,40]. This work is a generalization of the previous work, extending the low-energy
Wilson EFT to include the dominant lattice artifacts associated with the anisotropy.
The O(a)-improved anisotropic lattice action, in terms of dimensionless fields, is given
by [58,59]
Sξ =Sξ1 + S
ξ
2, (2.1)
Sξ1 =β
∑
t,i<j
1
ξ0
Pij(U) + β
∑
t,i
ξ0Pti(U) +
∑
n
ψ¯n
[
atm0 +Wt(U) +
ν
ξ0
Wi(U)
]
ψn, (2.2)
Sξ2 =− ψ¯n
[
ct σtiFˆti(U) +
∑
i<j
cr
ξ0
σijFˆij(U)
]
ψn . (2.3)
Here, ξ0 is the bare anisotropy, Pij and Pti are space-space and space-time plaquettes of
the gauge links U . The bare (dimensionless) quark mass is atm0, Wt(U) and Wi(U) are
Wilson lattice derivatives and ν is a parameter which must be tuned to obtain the correct
the “speed of light.” The fields Fˆti(U) and Fˆij(U) are lattice equivalents of the gauge field-
strength tensor in the space-time and space-space directions. Sξ1 is the unimproved Wilson
action and Sξ2 is the anisotropic generalization of the Sheikholeslami-Wohlert term. The
coefficients, ct and cr, appearing in S
ξ
2 are needed for O(a) improvement of the anisotropic
Wilson lattice action [20]. At the classical level, they have been determined to be [59]
ct =
1
2
(
1
ξ
+ ν
)
,
cr = ν , (2.4)
where ξ = as/at is the renormalized anisotropy.
1 The choice of using ξ as opposed to ξ0 is
conventional and the difference amounts to a slightly different value of ν.
1These parameters can also be tadpole improved with no more effort than in the isotropic action [60].
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This anisotropic lattice theory retains all the symmetries of the Wilson action, except
for the hypercubic invariance, and thus respects parity, time-reversal, translational invari-
ance, charge-conjugation and cubic invariance. In addition, for suitably tuned bare fermion
masses, atm0, the theory has an approximate chiral symmetry, SU(Nf )L⊗SU(Nf )R, which
spontaneously breaks to the vector subgroup.
2.2.1 Anisotropic Symanzik Action
We begin by constructing the Symanzik Lagrangian for the unimproved anisotropic
Wilson Sξ1 lattice action. This will allow us to set our conventions and introduce a new
basis of improvement terms which is advantageous to studying the new lattice artifacts
which are remnants of the anisotropy. In terms of dimensionful fields, the anisotropic
Symanzik action is given by
SξSym =
∫
d4xLξSym ,
LξSym = Lξ(4)Sym + asLξ(5)Sym + a2sLξ(6)Sym , (2.5)
where we have conventionally chosen to use the spatial lattice spacing as our Symanzik
expansion parameter. In terms of the dimensionful fermion fields
q ∼ 1
a3s
ψ , q¯ ∼ 1
a3s
ψ¯ , (2.6)
the anisotropic Lagrangian is given through O(a) by
LξSym = q¯ [D/ +mq] q + as q¯
[
c¯t σtiFti + c¯r
∑
i<j
σijFij
]
q . (2.7)
We have assumed that the parameter ν has been tuned in such a way as to make the
breaking of O(4) symmetry to vanish in the continuum limit. Otherwise, the quark kinetic
term would separate into two terms, with an additional free parameter appearing in eq. (2.7).
To clearly identify the new lattice spacing effects associated with the anisotropy, it is useful
to work with the basis,
LξSym = q¯ [D/ +mq] q + as
c¯r
2
q¯ σµνFµν q + as(c¯t − c¯r) q¯ σtiFti q , (2.8)
from which we recognize the first O(a) term as the Sheikholeslami-Wohlert [20] term which
survives the isotropic limit, cSW = c¯r/2. The second O(a) term cξSW = (c¯t − c¯r), is an
artifact of the anisotropy and the focus of this work. We can classify the effects from this
operator and subsequent anisotropy operators at higher orders into two categories: those
which contribute to physical quantities in a fashion similar to the lattice spacing artifacts
already present, and those which introduce new hypercubic breaking effects. The first type
of effect will be difficult to distinguish from the already present lattice spacing artifacts
which survive the isotropic limit.2 The second category of effects are unique to anisotropic
actions, and therefore more readily identifiable from correlation functions.
2Assuming a given set of lattice calculations are close to the continuum limit, and that a range of
anisotropies is employed, one can disentangle the lattice artifacts associated with the new anisotropic oper-
ator from those which survive the isotropic limit.
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A useful manner to quantify these new anisotropic effects is to recognize that the
anisotropy introduces a direction into the theory, which we can denote with the four-vector
uξµ = (1,0) . (2.9)
This allows us to re-write the anisotropic Lagrangian in a beneficial form for the spurion
analysis,
LξW = q¯ [D/+mq] q + as q¯
[
cSW σµνFµν + c
ξ
SWu
ξ
µu
ξ
ν σµλFνλ
]
q . (2.10)
We then promote both ascSW and asc
ξ
SWu
ξ
µu
ξ
ν to spurion fields, transforming under chiral
transformations in such a way as to conserve chiral symmetry,
ascSW −→ L(ascSW )R† , (ascSW )† −→ R(ascSW )†L† (2.11)
asc
ξ
SWu
ξ
µu
ξ
ν −→ L(ascξSWuξµuξν)R† , (ascξSWuξµuξν)† −→ R(ascξSWuξµuξν)†L† (2.12)
By constraining ascSW and asc
ξ
SWu
ξ
µu
ξ
ν and their hermitian conjugates to be proportional
the flavor identity, they both explicitly break the SU(NF )L ⊗ SU(NF )R chiral symme-
try down to the vector subgroup, just as the quark mass term. In addition, we promote
asc
ξ
SWu
ξ
µu
ξ
ν to transform under hypercubic transformations, so as to conserve hypercubic
symmetry,
asc
ξ
SWu
ξ
µu
ξ
ν −→ ascξSWuξρuξσ ΛµρΛνσ . (2.13)
By constraining uξµ = (1,0), this spurion explicitly breaks the hypercubic symmetry of the
action down to the cubic sub-group.
It is worth noting that, in fact, at O(a), the anisotropic Symanzik action retains an
accidental O(3) symmetry in the spatial directions. Close to the continuum, isotropic
lattice actions retain an accidental Euclidean O(4) (Lorentz) symmetry as the operators
required to break this symmetry are of higher dimension and thus become irrelevant in the
continuum limit [18,19]. This phenomena is observed in the isotropic limit where the O(4)
symmetry is broken by the operator a2q¯ γµDµDµDµ q. For unimproved anisotropic Wilson
fermions, the breaking of the hypercubic to cubic symmetry (which can be viewed as the
breaking of the accidental O(4) to the accidental O(3) symmetry) occurs one order lower
in the lattice spacing, at O(a), and therefore this will likely be a larger lattice artifact than
the O(4) breaking of the isotropic action. We now perform a similar analysis for the O(a2)
Symanzik action.
O(a2) Symanzik Lagrangian
In Ref. [22], the complete set of O(a2) operators in the isotropic Symanzik action for
Wilson fermions was enumerated, including the quark bi-linears and four-quark operators.
From an EFT point of view, it is useful to classify these operators in three categories,
those operators which do not break any of the continuum (approximate) symmetries, those
which explicitly break chiral symmetry and those which break Lorentz symmetry. Most
of the O(a2) operators belong to the first category. Because of their nature, they are the
most difficult to determine and ultimately lead to a polynomial dependence in the lattice
spacing of all correlation functions computed on the lattice (which can be parameterized as
a polynomial dependence in a of all the coefficients of the chiral Lagrangian). The second set
of operators, those which explicitly break chiral symmetry, can be usefully parameterized
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within an EFT framework as is commonly done with chiral Lagrangians extended to include
lattice spacing artifacts [22, 26, 27, 39, 40]. The last set of operators which break Lorentz
symmetry, can also be usefully studied in an EFT framework. In the meson Lagrangian,
these effects are expected to be small as they do not appear until O(p4a2) [22], while in the
heavy baryon Lagrangian, these effects appear at O(a2) [40]. To distinguish these Lorentz
breaking terms from the general lattice spacing artifacts appearing at O(a2), one must
study the dispersion relations of the hadrons, and not only their ground states. This is also
generally true of all the anisotropic lattice artifacts.
In the construction of the anisotropic action, it is also beneficial to sperate the operators
into several categories along the lines of those in the isotropic action mentioned above. We
do not show all of the new operators, as their explicit form will not be needed, but instead
provide a representative set of the new anisotropic operators which illustrate the new lattice-
spacing artifacts. In the first category, we begin with operators which in the isotropic limit
do not break any of the continuum symmetries. Using the notation of Ref. [22], and using
a superscript-ξ to denote the new operators due to the anisotropy, we find for example
O
(6)
3 −→ {O(6)3 , ξO(6)3 } = {q¯ DµD/Dµ q , q¯ DtD/Dt q}
O
(6)
11 −→ {O(6)11 , ξO(6)11 } = {(q¯ γµq)(q¯ γµq) , (q¯ γtq)(q¯ γtq)} . (2.14)
In the second category, operators which explicitly break chiral symmetry, we find
O
(6)
13 −→ {O(6)13 , ξO(6)13 } = {(q¯ σµνq)(q¯ σµνq) , (q¯ σtiq)(q¯ σtiq)} , (2.15)
from which we observe that there is an operator which both breaks chiral and hypercubic
symmetry. The last category of operators stems from the Lorentz breaking operator in the
isotropic limit,
O
(6)
4 −→ {O(6)4 , ξO(6)4 } = {q¯ γµDµDµDµ q , q¯ γiDiDiDi q} , (2.16)
from which we note that there is only one operator which breaks the accidental O(3) sym-
metry down to the cubic group, ξO
(6)
4 , and therefore the dominant O(3) breaking artifacts,
in principle, can be completely removed from the theory by studying the dispersion relation
of only one hadron, for example the pion. Each of these new operators can be written
in their spuriously hypercubic-invariant form by making use of the anisotropic vector we
introduced in Eq. (2.9),
ξO
(6)
3 = u
ξ
µu
ξ
ν q¯ DµD/Dν q,
ξO
(6)
11 = u
ξ
µu
ξ
ν (q¯ γµq)(q¯ γνq),
ξO
(6)
13 = u
ξ
µu
ξ
ν (q¯ σµλq)(q¯ σνλq),
ξO
(6)
4 = δ¯
ξ
µµ′ δ¯
ξ
µν′ δ¯
ξ
µρ′ δ¯
ξ
µσ′ q¯ γµ′Dν′Dσ′Dρ′ q, (2.17)
and similarly for the rest of the dimension-6 anisotropic operators, ξO
(6)
1−8, and
ξO
(6)
11−18. In
this equation, for we have defined
δ¯ξµν ≡ δµν − uξµuξν . (2.18)
Most of these operators do not break chiral symmetry, and therefore are present for chirally
symmetric fermions such as domain-wall [9–11] and overlap [12–14] fermions. We now
proceed to construct the anisotropic chiral Lagrangian.
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2.3 Anisotropic Chiral Lagrangian
Now that we have the complete set of Symanzik operators through O(a2) relevant to
the anisotropic Wilson action and the O(a) improved version thereof, we can construct the
equivalent operators in the chiral Lagrangian which encode these new anisotropic artifacts.
We begin with the meson Lagrangian and then move to the heavy baryon Lagrangian.
2.3.1 Meson Chiral Lagrangian
We construct the chiral Lagrangian using a spurion analysis of the quark level Lagrangian
given in Eqs. (2.10) and (2.17). We generally assume a power counting
mq ∼ aΛ2 , (2.19)
but work to the leading order necessary to parameterize the dominant artifacts from the
anisotropy. At LO, the meson Lagrangian is given by3
Lξφ =
f2
8
tr
(
∂µΣ∂µΣ
†
)
− f
2
4
tr
(
mqBΣ
† +Σ(mqB)†
)
− f
2
4
tr
(
asWΣ
† +Σ(asW)†
)
− f
2
4
tr
(
asW
ξΣ† +Σ(asWξ)†
)
. (2.20)
By taking functional derivatives with respect to the spurion fields in both the quark level
and chiral level actions, one can show [61]
B = lim
mq→0
|〈q¯q〉|
f2
, (2.21)
and similarly the new dimension-full chiral symmetry breaking parameters are defined as,
W = lim
mq→0
cSW
〈q¯σµνFµνq〉
f2
, (2.22)
W
ξ = lim
mq→0
cξSW
〈q¯σtiFtiq〉
f2
= lim
mq→0
cξSWu
ξ
µu
ξ
ν
〈q¯σµλFνλq〉
f2
. (2.23)
This anisotropic Lagrangian, Eq. (2.20), has one more operator than in the isotropic
limit [26,27], which is simply a reflection that there are now two distinct O(a) operators in
the Symanzik action. However, for a fixed anisotropy, ξ = as/at, these two O(a) operators
are indistinguishable and can be combined into one. Inserting the tree level values of the
coefficients in the Symanzik action [59], one finds
W ∝ cSW = ν , (2.24)
W
ξ ∝ cξSW =
1
2
(
as
at
− ν
)
, (2.25)
where the speed-of-light parameter, ν, is determined in the tuning of the anisotropic action.
The first clear signal of the anisotropy begins at the next order, O(ap2) for the unimproved
action and O(a2p2) for the improved action. We first discuss the unimproved case.
3We remind the reader we are working in Euclidean spacetime. We are using the convention f ∼ 132 MeV.
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These next set of operators are only present for the unimproved action. In the isotropic
limit, it was shown there are five additional operators at this order [27]
Lφ,am = 2W4tr
(
∂µΣ∂µΣ
†
)
tr
(
asWΣ
† +Σ(asW)†
)
+ 2W5tr
(
∂µΣ∂µΣ
†
[
asWΣ
† +Σ(asW)†
])
+ 4W6tr
(
mqBΣ
† +Σ(mqB)†
)
tr
(
asWΣ
† +Σ(asW)†
)
+ 4W7tr
(
mqBΣ
† − Σ(mqB)†
)
tr
(
asWΣ
† − Σ(asW)†
)
+ 4W8tr
(
mqBΣ
†asWΣ† +Σ(mqB)†Σ(asW)†
)
. (2.26)
For the anisotropic action, there are an additional five operators similar to the above five
with the replacement of LECsW4−8 →W ξ4−8 and a simultaneous replacement of the conden-
sate W→Wξ. These five new operators, as with the O(a) operators, are indistinguishable
from those in Eq. (2.26) at a fixed anisotropy. There are two additional operators at this
order however, which introduce new effects associated with the anisotropy,
Lξφ,am = W ξ1 tr
(
∂µΣ∂νΣ
†
)
tr
(
uξµu
ξ
ν
[
asW
ξΣ† +Σ(asWξ)†
])
+W ξ2 tr
(
∂µΣ∂νΣ
† uξµu
ξ
ν
[
asW
ξΣ† +Σ(asWξ)†
])
. (2.27)
When the anisotropic vectors are set to their constant value, (uξµ)T = (1,0), one sees that
these operators lead to a modification of the pion (meson) dispersion relation,
(E2pi + p
2
pi)
(
1 +W
asW
f2pi
)
−→
(E2pi + p
2
pi)
(
1 +W
asW
f2pi
+W ξ
asW
ξ
f2pi
)
+ E2pi W˜
ξ asW
ξ
f2pi
, (2.28)
where
W = 32(NfW4 +W5) , W
ξ = 32(NfW
ξ
4 +W
ξ
5 ) ,
W˜ ξ = 16(NfW
ξ
1 +W
ξ
2 ) , (2.29)
and Nf is the number of fermion flavors. With the O(a) improved anisotropic action, these
effects all vanish and the leading lattice artifacts begin at O(a2). The chiral Lagrangian at
this next order in the isotropic limit was determined in Ref. [22] for which there were three
new operators. In the anisotropic theory, there are an additional six operators but just as
with the O(a) Lagrangian, the three new anisotropic operators can not be distinguished
from those which survive the isotropic limit unless multiple values of the anisotropy are
used. The Lagrangian at this order is
Lξ
φ,a2
=− 4W ′6
[
asW tr
(
Σ+ Σ†
) ]2
− 4Wˆ ξ6
[
asW
ξ tr
(
Σ+ Σ†
) ]2
− 4W ′7
[
asW tr
(
Σ− Σ†
) ]2
− 4Wˆ ξ7
[
asW
ξ tr
(
Σ− Σ†
) ]2
− 4W ′8 (asW)2 tr
(
ΣΣ+ Σ†Σ†
)
− 4Wˆ ξ8 (asWξ)2 tr
(
ΣΣ+ Σ†Σ†
)
− 4W¯ ξ6 (asW)(asWξ)
[
tr
(
Σ+ Σ†
) ]2
− 4W¯ ξ7 (asW)(asWξ)
[
tr
(
Σ− Σ†
) ]2
− 4W¯ ξ8 (asW)(asWξ) tr
(
ΣΣ+Σ†Σ†
)
. (2.30)
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The last three operators in this Lagrangian vanish for an O(a)-improved action as they are
directly proportional to the product of the two O(a) terms in the Symanzik Lagrangian,
Eq. (2.10). The other six operators in this Lagrangian receive contributions both from
products of the O(a) Symanzik operators as well as from terms in the O(a2) Symanzik
Lagrangian.4 Therefore they are still present for an O(a)-improved action but the numerical
values of their LECs, W ′6−8 and Wˆ
ξ
6−8, will be different in the improved case.
At O(a2p2), there are nine new operators, three of which survive the isotropic limit, and
three of which explicitly break the accidental O(4) symmetry down to O(3),
Lξ
φ,a2p2
= Q1(asW)
2tr
(
∂µΣ∂µΣ
†
)
+Q2(asW)
2tr
(
∂µΣ∂µΣ
†
)
tr
(
Σ+ Σ†
)
+Q3(asW)
2tr
(
∂µΣ∂µΣ
†
[
Σ+ Σ†
])
+Qξ1(asW
ξ)2tr
(
∂µΣ∂µΣ
†
)
+Qξ2(asW
ξ)2tr
(
∂µΣ∂µΣ
†
)
tr
(
Σ+ Σ†
)
+Qξ3(asW
ξ)2tr
(
∂µΣ∂µΣ
†
[
Σ+ Σ†
])
+ Qˆξ1(asW
ξ)2uξµu
ξ
ν tr
(
∂µΣ∂νΣ
†
)
+ Qˆξ2(asW
ξ)2uξµu
ξ
ν tr
(
∂µΣ∂νΣ
†
)
tr
(
Σ+ Σ†
)
+ Qˆξ3(asW
ξ)2uξµu
ξ
ν tr
(
∂µΣ∂νΣ
†
[
Σ+ Σ†
])
. (2.31)
The first operator in each set of three with coefficients Q1, Q
ξ
1 and Qˆ
ξ
1 are modifications of
the LO kinetic operator, while the remaining operators additionally break chiral symmetry.
The first operator in Eq. (2.31) is an example of the operators mentioned before which
do not break any of the (approximate) lattice symmetries, and are therefore amount to
polynomial renormalizations of the continuum LECs. In this example, we see with the
replacement
f2 → f2 + 8Q1(asW)2 , (2.32)
the entire effects from this O(a2p2) operator are renormalized away to all orders in the EFT.
In the anisotropic theory, this also works for the operator with LEC Qξ1, as this operator
does not explicitly break O(4) symmetry. This provides a further example of effects which
arise because of the anisotropy but contribute to the low-energy dynamics in an isotropic
fashion. The operators with explicit anisotropic vectors will modify the dispersion relation
as in Eq. (2.28) but at O(a2). For the O(a)-improved action, these operators will provide
the dominant modification to the pseudo-Goldstone dispersion relations.
The last set of operators we wish to address for the meson Lagrangian are those which
explicitly break the accidental O(3) symmetry down to the cubic group. There are two
operators in the meson chiral Lagrangian but they stem from only one quark level operator
at O(a2) and therefore all the LO O(3) breaking effects for all hadrons can be removed with
the inclusion and tuning of one new operator in the action, ξO
(6)
4 from Eq. (2.17). The O(3)
breaking operators in the meson chiral Lagrangian are
Lξ
φ,O(3)
= Cξ1(asW
ξ)2δ¯ξµµ′ δ¯
ξ
µν δ¯
ξ
µρδ¯
ξ
µσ tr
(
∂µ′Σ∂νΣ
†
)
tr
(
∂ρΣ∂σΣ
†
)
+ Cξ2(asW
ξ)2δ¯ξµµ′ δ¯
ξ
µν δ¯
ξ
µρδ¯
ξ
µσ tr
(
∂µ′Σ∂νΣ
†∂ρΣ∂σΣ†
)
, (2.33)
4For conventional reasons [22] we have normalized these operators to the square of the condensates
appearing at O(a), but one should not confuse this to mean that these operators vanish for the O(a)-
improved action.
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Figure 2.1: Proposed Aoki phase diagram in Ref. [26] for isotropic lattice action. Region A
represents continuum-like QCD and region B represents the parity and flavor broken phase.
Isotropic actions are generally tuned to lie between the first two-fingers of the Aoki-regime
in the m0− g2 plane [62]. However, the anisotropic diagram could look quite different than
this picture, and caution should be taken to ensure the correct phase.
Aoki Regime
Aoki first pointed out the possibility that at finite lattice spacing, lattice actions can
undergo spontaneous symmetry breaking of flavor and parity in certain regions of parameter
space [57], as in Fig. 2.1.
In Ref. [26], Sharpe and Singleton addressed this possibility within an EFT framework by
extending the meson chiral Lagrangian to include lattice spacing contributions. We begin
by summarizing the discussion of Sharpe and Singleton which will allow us to highlight
the new effects that arise from the anisotropy. For clarity of discussion, we consider the
unimproved two-flavor theory in the isospin limit. Following the notation of Ref. [26], the
non-kinetic part of the chiral potential can be written
Vχ = −c1
4
tr
(
Σ+ Σ†
)
+
c2
16
[
tr
(
Σ+ Σ†
)]2
, (2.34)
where c1 and c2 are functions of the quark mass mq and the lattice spacing a,
c1 ∼ Λ4
(mq
Λ
+ aΛ
)
+ . . . ,
c2 ∼ Λ4
(
m2q
Λ2
+mqa+ a
2Λ2
)
+ . . . . (2.35)
The “. . . ” denote higher order terms in the quark mass and lattice spacing and we are
ignoring dimensionless numbers of O(1). Assuming a power counting mq ∼ aΛ2, the con-
tributions to the vacuum from the c2 term are suppressed compared to the c1 term, and
the vacuum is in the continuum phase with the chiral condensate aligned with unity. The
Aoki-phase can occur when there is a fine-tuning of the quark mass and lattice spacing
contributions to c1 such that overall size of c1 becomes comparable to c2. Parameterizing
the Σ-field as
Σ = A+ iτ ·B , (2.36)
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with the constraint A2 +B2 = 1, the potential, Eq. (2.34) becomes
Vχ = −c1A+ c2A2 . (2.37)
If the minimum of the potential occurs for −1 < A0 < 1, then the vacuum
Σ0 = 〈Σ 〉 = A0 + iτ ·B0 , (2.38)
develops a non-zero value ofB0, spontaneously breaking both parity and the remnant vector-
chiral symmetry, SU(2)V → U(1) [26], giving rise to one massive pseudo-Goldstone pion
and two massless Goldstone pions. If the minimum of the potential occurs for Amin ≤ −1
or Amin ≥ 1 then the vacuum lies along (or opposite) the identitiy, |A0| = 1, |B0| = 0 with
the same symmetry breaking pattern as QCD.
For unimproved Wilson fermions in the isotropic limit, the leading contributions to c1
are
c1 = f
2
(
mqB+ asW
)
. (2.39)
In the anisotropic theory, there is an additional contribution to the LO potential, such that
c1 → cξ1 = c1 + f2asWξ
= f2
(
mqB+ asW+ asW
ξ
)
. (2.40)
If the two terms which contribute to W ∝ 2〈q¯σtiFtiq + q¯σijFijq〉 are of opposite sign, then
W
ξ ∝ 〈q¯σtiFtiq〉 may be the dominant lattice spacing contribution to c1. Therefore, the
anisotropic theory may be in the Aoki-regime even when the isotropic limit of the theory
(with the same as) is not, and vice versa. This same discussion holds for O(a)-improved
actions as well but with a different power counting.
This analysis carries important consequences for anisotropic actions with domain-wall
and overlap fermions as well. These actions are generally tuned to lie between the first two-
fingers of the Aoki-regime in the m0− g2 plane [62] as in Fig. 2.1. The optimal value of the
bare fermion mass, which provides the least amount of residual chiral symmetry breaking,
may be shifted in the anisotropic theory relative to the isotropic value, and furthermore the
allowed values of the coupling for which there is a QCD-phase may shift as well.
2.3.2 Heavy Baryon Lagrangian
We now construct the operators in the baryon Lagrangian which encode the leading lat-
tice artifacts from the anisotropy. We use the heavy baryon formalism [63,64] and explicitly
construct the two-flavor theory in the isospin limit including nucleons, delta-resonances and
pions. The extension of this to include the octet and decuplet baryons is also possible. This
construction builds upon previous work in which the heavy baryon Lagrangian has been
extended in the isotropic limit to include the O(a) [39] and O(a2) [40] lattice artifacts for
various baryon observables.5 The Lagrangian is constructed as a perturbative expansion
5In those works [39, 40], the heavy baryon Lagrangian was extended explicitly for Wilson fermions and
in the latter also for a mixed action scheme with chirally symmetric valence fermions. In this work, we
explicitly address the anisotropic effects for these two scenarios. One can also include the anisotropic effects
for twisted mass [65] and staggered fermions [66, 67] following the heavy baryon construction in Refs. [68]
and [69,70] respectively. However, we are unaware of specific plans to generate anisotropic twisted mass or
staggered fermions so we do not pursue this here.
22
about the static limit of the baryon, treating it as a heavy, static source as with heavy
quark effective theory [71, 72]. In building the heavy baryon chiral Lagrangian it is useful
to introduce a new chiral field,6
σ =
√
Σ = exp
(
iφ
f
)
, (2.41)
which transforms under chiral rotations as
σ → LσV † = V σR† , (2.42)
with V defined by Eq. (2.42). One then dresses the baryon fields with σ such that under
chiral transformations, the nucleon and delta fields transform as
Ni → VijNj ,
Tijk → Vii′Vjj′Vkk′Ti′j′k′ , (2.43)
where N is a two-component flavor field and T is a flavor-symmetric rank-three tensor,
normalized such that
N1 = p, N2 = n,
T111 = ∆
++, T112 =
1√
3
∆+, T122 =
1√
3
∆0, T222 = ∆
−. (2.44)
Both the nucleon and delta are treated as heavy matter fields and are constrained by the
relations
N =
1 + /v
2
N ,
Tµ =
1 + /v
2
Tµ (2.45)
where vµ is the four velocity of the baryon which can be chosen in its rest frame to be
vµ = (1,0). This has the effect of projecting onto the particle component of the field in
the rest frame of the baryon. The spin-3/2 fields can be described with a Rarita-Schwinger
field, which in the heavy baryon formalism gives rise to the constraints
v · T = 0 , S · T = 0 , (2.46)
where Sµ is a covariant spin vector [63, 64]. The simultaneous inclusion of the nucleon
and delta fields introduces a new parameter into the Lagrangian, the delta-nucleon mass
splitting in the chiral limit,
∆ = mT −mN
∣∣∣
mq=0
, (2.47)
which is generally counted as ∆ ∼ mpi in the chiral power counting [63,64,73]. Because this
mass parameter is a chiral singlet, it leads to a modification of all the LECs in the heavy
baryon Lagrangian. These particular effects can be systematically accounted for be treating
all LECs as polynomials in ∆ [74–77]. In the isospin limit, the heavy baryon Lagrangian,
6This field is generally denoted as ξ but to avoid confusion with the anisotropy parameter, we use σ.
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including the leading quark mass terms, the leading lattice spacing terms and the leading
baryon-pion couplings is given by
LNTφ = N¯v ·DN + atσEN¯(v · uξuξ ·D)N − 2σM N¯Ntr(M+)
+ T¯µ
[
v ·D +∆]Tµ + atσ¯E T¯µ(v · uξuξ ·D)Tµ − 2σ¯M T¯µTµtr(M+)
+ 2gAN¯S · AN − 2g∆∆T¯µS · ATµ + g∆N
[
T¯ kjiµ A i
′
i,µǫji′Nk + h.c.
]
.
− 2σW N¯Ntr(W+)− 2σξW N¯Ntr(Wξ+)− 2σ¯W T¯µTµtr(W+)− 2σ¯ξW T¯µTµtr(Wξ+)
(2.48)
In this Lagrangian, the chiral symmetry breaking spurions are given by
M+ = 1
2
(
σm†qσ + σ
†mqσ†
)
,
W+ = as
2
(
σW†σ + σ†Wσ†
)
,
Wξ+ =
as
2
(
σ(Wξ)†σ + σ†Wξσ†
)
, (2.49)
the chiral covariant derivative is
(DµN)i = ∂
µNi + VµijNj ,
(DµT )ijk = ∂
µTijk + Vµii′Ti′jk + Vµjj′Tij′k + Vµkk′Tijk′ (2.50)
and the vector and axial fields are respectively given by
Vµ = 1
2
(
σ∂µσ
† + σ†∂µσ
)
,
Aµ = i
2
(
σ∂µσ
† − σ†∂µσ
)
. (2.51)
Relative to the Wilson extension of the heavy baryon Lagrangian in the isotropic limit [39,40]
there is one additional mass operator for the nucleon and delta fields. There are additionally
extra derivative operators which give rise to the leading modification of the dispersion
relation for the baryon fields. As in the meson chiral Lagrangian, Eq. (2.20), at fixed
anisotropy, these two additional mass operators (with coefficients σξW and σ¯
ξ
W ) can not be
distinguished from their counterparts which survive the isotropic limit (with coefficients
σW and σ¯W ). At this order in the lattice spacing, O(a), the baryon-pion couplings, gA,
g∆N and g∆∆, are not modified [39]. This Lagrangian, Eq. (2.48) gives rise to the LO
and NLO mass corrections to the baryon masses. For example, in Fig. 2.2 we display
the graphs contributing to the nucleon mass at O(mq), Fig. 2.2(a), O(a), Fig. 2.2(b) and
O(m3/2q ), Fig. 2.2(c) and Fig. 2.2(d). The expressions for the quark mass dependence of
the nucleon and delta masses can be found for example in Ref. [76], and the lattice spacing
dependent corrections to these masses for Wilson fermions in the isotropic limit can be
found in Refs. [39, 40].
At O(amq), there are two types of mass corrections, those from loop graphs from the
lattice spacing dependent operators in Eq. (2.48) and tree level terms from operators in
the O(amq) Lagrangian. These corrections will be identical in form to those present in the
isotropic limit, but with different numerical values due to the new anisotropic operators
which do not explicitly break the hypercubic symmetry. The loop graphs for the nucleon
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(a) (b) (c) (d)
Figure 2.2: Diagrams contributing to the nucleon mass at LO ((a) and (b)) and NLO ((c)
and (d)). Figure (a) is an insertion of the leading quark mass term proportional to σM .
Figure (b) is an insertion of the lattice spacing terms proportional to σW and σ
ξ
W . The loop
graphs arise from the pion-nucleon and pion-nucleon-delta couplings. These loop graphs
generically scale as m3pi but also depend upon ∆, and away from the continuum limit upon
the lattice spacing as well. All vertices in these graphs are from the Lagrangian in Eq. (2.48).
and delta mass corrections are depicted in Ref. [40] in Figs. 1 and 2 respectively. In the
isospin limit, there are two tree level operators for the nucleon and deltas each,
L(am)NTφ =− nMW N¯Ntr(M+)tr(W+)− nξMW N¯Ntr(M+)tr(Wξ+)
+ tMW T¯µTµtr(M+)tr(W+) + tξMW T¯µTµtr(M+)tr(Wξ+) , (2.52)
which also function as counterterms for divergences from the above mentioned loop graphs.
As with the mesons, we must consider the O(a2) effects to see the first explicit breaking of
the anisotropy. Even in the isotropic limit, the lattice spacing corrections to the baryons
at this order proved to be quite interesting, with the presence of the first operators which
arise from the O(4) breaking down to the hypercubic group at this order [40]. There are
several generic O(a2) operators which do not explicitly break the hypercubic group,
La2NTφ =− nWW N¯Ntr(W+)tr(W+)− nξWW N¯Ntr(Wξ+)tr(Wξ+)
+ tWW T¯µTµtr(W+)tr(W+) + tξWW T¯µTµtr(Wξ+)tr(Wξ+)
− n¯ξWW N¯Ntr(W+)tr(Wξ+) + t¯ξWW T¯µTµtr(W+)tr(Wξ+) , (2.53)
where the last two operators vanish for the O(a) improved action and the first two survive
the isotropic limit. The O(4) breaking operators appear at this order in the heavy baryon
Lagrangian because in the heavy baryon theory, there is an additional vector, the four-
velocity of the baryon one can use to construct operators. For the mesons, the only vector
is ∂µ and so the O(4) breaking operators in the meson Lagrangian don’t appear until
O(a2p4) [22]. These heavy baryon O(4) breaking operators are [40]
LO(4)NTφ = a2sn4 N¯vµvµvµvµN + a2st4 T¯ρvµvµvµvµTρ . (2.54)
Similar to these, the O(3) breaking operators appear at this order,
LO(3)NTφ = a2sn3 N¯ δ¯ξµν δ¯ξµν δ¯ξµν δ¯ξµν N + a2st3 T¯ρδ¯ξµν δ¯ξµν δ¯ξµν δ¯ξµν Tρ . (2.55)
However, even though these two sets of operators explicitly break the O(4) and O(3) sym-
metries respectively, they do not lead to modifications of the dispersion relations until higher
orders [40], and thus function as mass corrections. There is a subtlety of the heavy baryon
Lagrangian related to reparameterization invariance (RPI) [78], which constrains coefficients
of certain operators in the heavy baryon Lagrangian. For example, in the continuum limit,
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the LO kinetic operator of Eq. (2.48) is related to a higher dimensional operator in such a
way as to provide the correct dispersion relation,7
L = N¯v ·DN −→ N¯v ·DN + N¯ D
2
⊥
2MN
N , (2.56)
such that the energy of the non-relativistic nucleon is given by
E =MN +
p2
2MN
+ . . . (2.57)
For the anisotropic theory, this dispersion relation is then modified by an additional op-
erator. While in the continuum limit, RPI constrains the coefficient in front of the 1/MN
operator, the anisotropic action gives rise to modifications of this relation.
L = N¯v ·DN + N¯ D
2
⊥
2MN
N −→
Lξ = N¯v ·DN + N¯ D
2
⊥
2MN
N + atσEN¯v · uξuξ ·DN + asσKEN¯(uξ ·D)2N . (2.58)
The resulting nucleon dispersion relation from this action yields
EN =MN +
p2
2MN
−→
EN (1 + atσE) =MN (1 + atσE)− 2Nfas(σW + σξW ) +
p2
2MN
+ asσKE (EN −MN )2 .
(2.59)
For the O(a)-improved action, the form of this dispersion relation stays the same with
{at, as} → {a2t , a2s}. Comparing this dispersion relation to that of the pion, Eq. (2.28),
it is clear that even if the pion dispersion relation were tuned to be continuum like, the
nucleon dispersion relation would still contain lattice spacing artifacts. This is a simple
consequence of the fact that the LECs in the heavy baryon Lagrangian (both the physical
and unphysical) have no relation to those in the meson chiral Lagrangian.
2.4 Discussion
In this chapter, the low-energy hadronic effective field theory including the finite lattice
spacing effects from anisotropic lattice action was developed. This theory allows for one
to calculate extrapolation formulas for hadronic processes including pions, nucleons, and
deltas. The main feature that this extension of effective field theory includes is the effects
of the hypercubic symmetry breaking present in these anisotropic lattices. Additional ex-
tensions of this effective field theory could be made for mixed action lattices (lattices in
with different actions for the valence fermions) as in Refs. [79–82]. Additionally, we point
out that the that these anisotropic lattices can have an altered Aoki-phase as compared to
the isotropic case. Thus, if the isotropic action is in a QCD phase, the anisotropic theory
might still be in an Aoki-phase. Overall, this work will aid in the continuum extrapolation
of correlation functions computed with anisotropic lattices, which will be computed in the
following chapter for the pion mass, the pion decay constant, and scattering lengths and
effective ranges for I=2 ππ scattering.
7In this equation, D2⊥ = D
2
− (v ·D)2.
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Chapter 3
Isotropic and Anisotropic Lattice
Spacing Corrections for I=2 pipi
Scattering from Effective Field
Theory
3.1 Overview
Numerical scattering calculations in lattice QCD are being performed by several collab-
orations. These calculations are performed through the analysis of two hadrons in finite
volume [83–86]. One such scattering that has gained much attention in the field is I=2 ππ
scattering. The two-pion system is both numerically the simplest and the best understood
theoretically. In fact, in 1966, the scattering of two pions at low energies was calculated
at leading order in χPT by Weinberg [87]. The subsequent orders in the chiral expansion
have been worked out next-to-leading order by Gasser and Leutwyler [17] and next-to-next-
to-leading order [88–90]. Each new order introduces more undetermined LECs. To have
predictive power, these LECs must be determined either by comparison with experiment or
lattice QCD calculational results.
Such numerical lattice QCD calculations (usually involving phase shifts and scattering
lengths) have been calculated using Wilson lattice actions [47,91–105] along with a several
other lattice actions [106–109]. Additionally, there are currently only two fully dynamical,
2+1 flavor calculations of I=2 ππ scattering, which use mixed lattice actions [110, 111] .
Regardless of the action, unphysical lattice artifacts due to the finite lattice spacings exist
in the numerical results of these calculations. Therefore, measures should be taken in order
to remove these effects so that the results from the lattice can best represent the continuum
limit. The analysis in this chapter is applicable for both isotropic and anisotropic Wilson
actions.
Effective field theory provides a framework by which one can remove these unphysical
effects. Lattice spacing effects were first made explicit in chiral perturbation theory by
Sharpe and Singleton [26]. For the Wilson action, the chiral breaking terms that depend on
the lattice spacing can be accounted for in a similar way to the chiral breaking quark mass.
Such methods have been extended to mixed-action, partially quenched theories for mesons
through O(a) and O(a2) [22,27,80], and baryons through O(a) [39] and O(a2) [40,82,112].
Additionally, Ref. [80] carries out multiple meson scattering calculations (including I=2
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ππ scattering) for mixed lattice actions and shows that for actions with chiral valence
fermions, mesonic scattering parameters in terms of the lattice-physical parameters will have
no counter-terms dependent on lattice spacing through next-to-leading order. Alternatively,
this work calculates these lattice spacing effects1 for I=2 ππ scattering for the chiral breaking
Wilson fermions in both valance and sea sectors, and shows that these finite lattice spacing
effects first appear in the next-to-leading order counter-terms for this action.
Many collaborations are now using anisotropic lattices (lattices with different temporal
and spacial lattice spacings) as opposed the the usual isotropic lattices. Such lattices can
probe higher energy states (inverse time spacings a−1t ∼ 6 GeV) and allow for a greater
resolution (more data points). However, anisotropic lattices lead to new lattice artifacts,
including terms that explicitly break hypercubic symmetry. Recent work has derived these
anisotropic lattice artifacts in χPT for O(a) and O(a2) for mesons and baryons [28]. There
are several I=2 ππ scattering results published for anisotropic Wilson lattices [95,102,105],
which can benefit from removing these additional lattice artifacts.
This chapter presents the I=2 ππ scattering results from the isotropic χPT and the
anisotropic χPT . The pion mass and decay constant are also determined in this context.
Sec. 3.2 presents scattering on the lattice and defines the relevant quantity, k cot δ0, used to
make comparisons between χPT and the actual lattice calculation. Next, in Sec. 3.3.1, the
continuum scattering theory from χPT is formulated in the context of this work (originally
worked out before [17, 87, 90, 114]). Then, in Sec. 3.3.2, the continuum result is extended
for the isotropic Wilson lattice and finally, in Sec. 3.3.3, the result is extended for the
anisotropic Wilson lattice.
3.2 Scattering on the Lattice
The Euclidean two-hadron correlation function in infinite volume gives no information
about the Minkowski scattering amplitude (except at kinematic thresholds) [115]. However,
when the correlation functions of two hadrons in a finite box are analyzed, the resulting
energy levels are given by the sum of the energies of these two hadrons plus an additional
energy of interaction, ∆E, which is related to the scattering phase shift, δl [83–86]. The
l subscript here represents the partial wave contribution of the phase shift. In the infinite
volume, the relation between the total scattering amplitude, T (s, θ), and the partial waves
amplitude, tl(s), is given by
T (s, θ) =
∞∑
l=0
(2l + 1)Pl(cos θ)tl(s), (3.1)
where s = 4(mpi
2+k2), and k is the magnitude of the 3-momentum of the incoming particle
in the center-of-mass frame. The partial scattering amplitude tl(s) is related to the phase
shift, δl by
tl(s) = 32π
√
s
s− 4mpi2
1
2i
[e2iδl(s) − 1] = 32π
√
s
s− 4mpi2
1
cot δl − i
. (3.2)
These relations allow one to compare the calculated scattering amplitude (in χPT )
to the lattice calculation of δl. The s-wave (l = 0) scattering amplitude is the dominant
contribution to the total scattering amplitude in most low energy scattering processes and
1These effects are in addition to the finite volume corrections to I=2 ππ scattering from Ref. [113]
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gives the cleanest signal in the lattice calculation. The s-wave projection of the continuum
scattering amplitude, t0(s), is
t0(s) =
1
2
∫ 1
−1
T (s, θ) d(cos θ). (3.3)
This s-wave scattering amplitude will be the scattering amplitude analyzed throughout
the rest of this paper. Following the discussion in Ref. [113], through one loop order in
perturbation theory in Minkowski space, t0(s) can be written as
t0(s) ≃ t(LO)0 (s)+ t(NLO,R)0 (s)+ it(NLO,I)0 (s) ≃
(t
(LO)
0 (s))
2
t
(LO)
0 (s)− t(NLO,R)0 (s)− it(NLO,I)0 (s)
, (3.4)
where t
(LO)
0 (s) is the leading order s-wave scattering amplutide, and t
(NLO,R)
0 (s)
(t
(NLO,I)
0 (s)) is the real (imaginary) part of the next-to-leading order s-wave scattering
amplitude. At this point, it is advantageous to introduce a K-matrix, which is defined
through one loop as
K(s) ≡ (t
(LO)
0 (s))
2
t
(LO)
0 (s)− t(NLO,R)0 (s)
. (3.5)
Taking the real part of the reciprocal of Eq. (3.2) and Eq. (3.4) and comparing to
Eq. (3.5), one gets the relation
1
K(s)
= Re
(
1
t0(s)
)
=
1
32π
√
s− 4mpi2
s
cot δ0(s), (3.6)
where
Re
(
1
t0(s)
)
=
Re t0(s)(
Re t0(s)
)2
+
(
Im t0(s)
)2 ≈ 1
t
(LO)
0 (s)
(
1− t
(NLO,R)
0 (s)
t
(LO)
0 (s)
)
. (3.7)
It is worth noting that when keeping terms though one loop, Im t0(s) does not contribute
(it contributes at the next order). Combining Eq. (3.5), Eq. (3.6), and Eq. (3.7), one arrives
at the continuum result
k cot δ0(s) = 16π
√
s Re
(
1
t0(s)
)
≈ 16π√s 1
t
(LO)
0 (s)
(
1− t
(NLO,R)
0 (s)
t
(LO)
0 (s)
)
. (3.8)
As previously mentioned, lattice scattering calculations are performed in Euclidean space
at finite volume. The Euclidean amputated four-point correlator from the lattice, τ0(s), is
given by
τ0(s) ≃ (t
(LO)
0 (s))
2
t
(LO)
0 (s)− t(NLO,R)0 (s)−∆t0(s)− (t
(LO)
0 )
2
16pi2L
√
s
S
(
(s−4mpi2)L2
4pi2
) , (3.9)
where ∆t0(s) represents all of the non-physical lattice artifacts (lattice spacing errors, finite
volume errors ,etc.), s is related to the energy of interaction, ∆E, and S is a universal
function of s [85,116,117]. If both pions in the box start with no external momentum, then
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s = (∆E + 2mpi)
2. In this paper, the only effect from lattice artifacts that will be included
in ∆t0 is the lattice spacing effect. Manipulating Eq. (3.9):
τ0(s) ≃ 1
1
K(s) −
∆t0(s)
(t
(LO)
0 )
2
− 1
16pi2L
√
s
S
(
(s−4mpi2)L2
16pi2
)
=
16π
√
s
k cot δ0(s)− 16π
√
s ∆t0(s)
(t
(LO)
0 )
2
− 1piLS
(
(s−4mpi2)L2
16pi2
) . (3.10)
The energy states are given by the poles of Eq. (3.10), which are given by [113]
k cot δ0 +∆(k cot δ0) =
1
πL
S
(
(s− 4mpi2)L
16π2
)
, (3.11)
where
∆(k cot δ0) = −16π
√
s
∆t0(s)
(t
(LO)
0 )
2
. (3.12)
In general, most lattice calculations give their results in terms of the scattering length,
aI=2pipi . One can extract the scattering length and the effective range, r
I=2
pipi , via the expansion
of k cot δ0:
k cot δ0 =
1
aI=2pipi
+
1
2
rI=2pipi k
2 + · · · . (3.13)
It is important to note that the prescription given above for finding the scattering
length and effective range implies that the lattice artifacts, ∆(k cot δ0), have already been
subtracted before the expansion. In this paper, continuum results are given in terms of
k cot δ0 and lattice artifacts are given in terms of ∆(k cot δ0).
For results given in terms of the scattering length and effective range, one can relate
Eq. (3.13) to the left hand side of Eq. (3.11) to arrive at
k cot δ0 +∆(k cot δ0) =
(
1
aI=2pipi
+∆
( 1
aI=2pipi
))
+
1
2
(
rI=2pipi +∆r
I=2
pipi
)
k2 + · · · , (3.14)
where
∆
( 1
aI=2pipi
)
= ∆(k cot δ0)|k2=0, (3.15)
and
∆rI=2pipi = 2
d
(
∆(k cot δ0)
)
dk2
∣∣∣∣
k2=0
. (3.16)
While these relations are not too complicated, they do add additional steps to the
calculation when compared to working with only k cot δ0 and ∆(k cot δ0). Therefore, if one
wants to extract the scattering length and effective range from the lattice calculation, one
should first subtract ∆(k cot δ0) from the right hand side of Eq. (3.11) and then expand
to determine the individual parameters2. This paper relates k cot δ0 and ∆(k cot δ0) to the
effective field theory of the lattice.
2Current numerical calculations can only determine k cot δ0 for a limited number of k values. This leads
to inaccuracies in expansions of k2 and adds difficulty to finding the effective range.
30
3.3 Chiral Perturbation Theory Results for k cot δ0 and
∆(k cot δ0)
In leading order and next-to-leading-order chiral perturbation theory, it is necessary to
introduce several undetermined LECs in order properly account for corrections and counter-
terms. The number of independent LECs in the continuum depends on whether there
are two flavors or more. For I=2 ππ scattering being calculated here, only two flavor
χPT (SU(2)L ⊗ SU(2)R chiral symmetry) is needed for extrapolation.
3.3.1 Continuum
From the continuum χPT Lagrangian, one can predict numerous results for different low
energy processes involving hadrons. However, the extent of the accuracy of these predictions
are ultimately tied to how well the LECs are known. For this reason, there has been much
effort in the lattice community to try to determine these values [118–122].
The continuum Lagrangian in χPT is determined order by order in Bmq and p
2. The
Lagrangian through O(p4) for two flavors is given by [17]
Lcont =f
2
8
tr(∂µΣ∂
µΣ†) +
Bf2
4
tr(mqΣ
† +Σmq)
+
ℓ1
4
[
tr(∂µΣ∂
µΣ†)
]2
+
ℓ2
4
tr(∂µΣ∂νΣ
†)tr(∂µΣ†∂νΣ)
+
(ℓ3 + ℓ4)B
2
4
[
tr(mqΣ
† +Σmq)
]2
+
ℓ4B
4
tr(∂µΣ∂
µΣ†)tr(mqΣ† +Σmq), (3.17)
where f ∼ 132 MeV, ℓ1−4 are the original Gasser-Leutwyler coefficients defined in Ref. [17]
and
Σ = exp
(2iφ
f
)
, φ =
(
pi0√
2
π+
π− − pi0√
2
)
, mq =
(
m¯ 0
0 m¯
)
. (3.18)
At LO, the resulting condensate is
B = lim
mq→0
|〈q¯q〉|
f2
. (3.19)
From Eq. (3.17), one can calculate the physical values for the mass of the pion (mpi)
and the pion decay constant (fpi) to LO and NLO. These expressions are given by
mpi
2 = m2 +
1
3f2
[4mpi
2iI(mpi)−m2iI(mpi)] + 4ℓ3m
4
fpi
2 (3.20)
fpi = f
[
1− 2
fpi
2 iI(mpi) + 2ℓ4
m2
fpi
2
]
(3.21)
where m2 and I(mpi) are defined below in Eq. (3.23). When evaluating the scattering
amplitude from χPT , one has the option of either expressing the answer in terms of
the bare parameters (f and m) or in terms of lattice-physical parameters (fpi and mpi).
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Z
Z
Z
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(d) (e)
Figure 3.1: The one-loop diagrams which contributing to the ππ scattering amplitude (same
diagrams that contribute to the finite volume effects in Ref. [113]). The top three represent
the s-channel (a), t-channel (b), and u-channel diagrams (c). The diagram resulting from
the six-pion vertex is given in (d) and the wavefunction corrections are in diagram (e).
These are the only diagrams for continuum, isotropic, and anisotrpoic Wilson actions.
Throughout this paper, the bare parameters will always be eliminated from the scatting
amplitude.
The continuum I=2 ππ scatting length at infinite volume is given by
Tcont = − 2
fpi
2
{
s− 2mpi2 − 2(3s − 4mpi
2)
3fpi
2 iI(mpi) +
(s− 2mpi2)2
fpi
2 iJ (mpi, ps)
+
1
3fpi
2
[
3(t2 −mpi4) + t(t− s)− 2tmpi2 + 4smpi2 − 2mpi4
]
iJ (mpi, pt)
+
1
3fpi
2
[
3(u2 −mpi4) + u(u− s)− 2umpi2 + 4smpi2 − 2mpi4
]
iJ (mpi, pu)
− 1
9(4πfpi)2
[
2s2 + 6smpi
2 − 8mpi4 − t2 − u2
]
− 4ℓ1
fpi
2
[
(t− 2mpi2)2 + (u− 2mpi2)2
]
− 2ℓ2
fpi
2
[
2(s − 2mpi2)2 + (t− 2mpi2)2 + (u− 2mpi2)2
]
− 8ℓ3mpi
4
fpi
2 + 4ℓ4
mpi
2(s− 2mpi2)
fpi
2
}
(3.22)
where
m2 = 2Bm¯
I(mpi) =
∫
R
d4k
(2π)4
1
k2 −m2
J (mpi, P ) =
∫
R
d4k
(2π)4
1
[(k + P )2 −m2]
1
[k2 −m2] . (3.23)
This scatting amplitude includes all the partial wave contributions (this T is the same as
the T (s, θ) that appears in Eq. (3.1)). When projecting on the s-wave, expanding through
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O(k2/mpi2) and using Eq. (3.8), the result for k cot δ0(for the regularization and renormal-
ization scheme defined in Ref. [90]) is
k cot δ0 ≈ −8πfpi
2
mpi
{(
1− mpi
2
(4πfpi)2
[
3 ln
(mpi2
µ2
)
− 1 + ℓapipi(µ)
])
− 1
2
(
3 +
mpi
2
(4πfpi)2
[17
3
ln
(mpi2
µ2
)
+
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3
+ ℓrpipi(µ)
]) k2
mpi2
+ · · ·
}
,
(3.24)
where ℓapipi(µ) and ℓ
r
pipi(µ) are linear combinations of the Gasser-Leutwyler coefficients
given by [90]
ℓapipi(µ) =− 4(4π)2
(
4
(
ℓR1 (µ) + ℓ
R
2 (µ)
)
+
(
ℓR3 (µ)− ℓR4 (µ)
))
,
ℓrpipi(µ) =4(4π)
2
(
12ℓR1 (µ) + 4ℓ
R
2 (µ) + 7ℓ
R
3 (µ)− 3ℓR4 (µ)
)
. (3.25)
The superscript R represents the renormalized Gasser-Leutwyler coefficients with scale-
dependence.
In order for these continuum predictions from χPT to be useful in a physical context,
one needs to determine the values for ℓapipi(µ) and ℓ
r
pipi(µ), which are undetermined from
χPT alone. While numerous values have been quoted for the Gasser-Leutwyler coefficients
[122], it is still beneficial to determine these values with more precesion. Therefore, it is
prudent to use various lattice calculations at different pion masses determine these values.
However, since the lattice calculations are performed with discretized space and time, one
needs to remove these lattice artifacts to extract the continuum result.
3.3.2 Isotropic Discretization
To calculate finite lattice spacing corrections to I=2 ππ scattering for the isotropic
Wilson action, one can follow the same steps done in the continuum case, but starting from
a Lagrangian which includes these lattice spacing artifacts. The analysis on lattice spacing
effects was done for the Symanzik action by Sheikholeslami and Wohlert [20]. From this
analysis, the Lagrangian was made explicit in χPT by Sharpe and Singleton [26], followed
by Ba¨r, Rupak, and Shoresh [22,27]. The power counting they used for this χPT Lagrangian
is
asW ∼ Bmq ∼ p2 ∼ ǫ, (3.26)
where as is the lattice spacing (same spacing in space and time direction) and W is a
condensate defined below. The simplified two flavor Lagrangian to O(ǫ2) is
Liso =Lcont +∆Liso. (3.27)
∆Liso =asWf
2
4
tr(Σ† +Σ) +
(w3 + w4)asWB0
4
tr(mqΣ
† +Σmq)tr(Σ† +Σ)
+
w′3(asW )
2
4
[
tr(Σ† +Σ)
]2
+
w4asW
4
tr(∂µΣ∂
µΣ†)tr(Σ† +Σ) (3.28)
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This Lagrangian is similar to Eq. (3.17) with one new term at LO and three new terms
at NLO. All new terms are proportional to as or a
2
s, which will vanish in the continuum
limit as as → 0. At LO, there is a new condensate given by
W = lim
mq→0
cSW
〈q¯σµνFµνq〉
f2
. (3.29)
The new LECs at NLO are given by w3, w
′
3, and w4. All these new terms obey the same
symmetries as the Lagrangian in the continuum case and break chiral symmetry in a similar
way to the quark mass. It should also be noted that these new LECs depend on as ln as as
well (as opposed to the Gasser-Leutwyler coefficients that have no dependence on the mass
term).
Furthermore, Ref. [123] showed that the axial current (needed to calculate fpi) has an
additional term at this order in χPT given by
∆Aaµ = 2awA∂µtr
(
σa(Σ −Σ†)). (3.30)
This term (which can also be inferred from Ref. [124]) leads to modifications of the LECs
as well as the coefficient in front of the chiral logarithm in fpi. Thus, this coefficient has
dependence on the lattice artifacts at NNLO. Ref. [123] also points out that the condition
for fixing the renormalization factor, ZA, of the lattice currents needs to be mapped onto
χPT 3. From this Lagrangian, fpi and mpi through NLO are [22,27,123]
mpi
2 = (m2 + 2asW ) +
1
3f2
[4mpi
2iI(mpi)− (m2 + 2asW )iI(mpi)]
+4ℓ3
m4
fpi
2 + 8w3
asWm
2
fpi
2 + 16w
′
3
(asW )
2
fpi
2 (3.31)
fpi = f
[
1− 2
fpi
2 iI(mpi) + 2ℓ4
m2
fpi
2 + 4weff
asW
fpi
2
]
, (3.32)
where weff in fpi includes w4 and wA and can vary based on the given renormalization
condition for the axial current.
To acquire the continuum result of these quantities, one needs to remove all the terms
with dependence on as or a
2
s. The resulting I=2 ππ scatting amplitude with the physical
parameters restored is given by
Tiso = Tcont +∆Tiso, (3.33)
where the mpi and fpi in Tcont are given by Eq. (3.31) and Eq. (3.32) and ∆Tiso is given by
∆Tiso = − 2
fpi
2
{
− 16(w3 − 2ℓ3)asWmpi
2
fpi
2 − 32(w′3 − w3 + ℓ3)
(asW )
2
fpi
2
+ 8(weff − ℓ4)asW (s− 2mpi
2)
fpi
2
}
. (3.34)
3The condition for fixing ZA is chosen by individual lattice calculations. Ref. [123] shows an example
of this in χPT by using the chiral Ward identities in infinite volume, which leads to fpi being free lattice
artifacts until NNLO.
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It is worth noting that by restoring the physical parameters, m2 does not appear, and
asW only appears in the terms containing the LECs (the ℓ and w terms). This is a bit
different than the continuum case where one could eliminate m2 with only mpi
2. Now, one
eliminates m2 with (mpi
2−2asW ), and thus, several LECs are multiplied by factors of asW .
In addition, all of the continuum results without LECs remain unchanged since each vertex
will only contribute mpi
2 when the physical parameters are restored. Using the relation in
Eq. (3.12), the resulting artifact for the isotropic Wilson lattice, ∆(k cot δ0)iso is given by
∆(k cot δ0)iso ≈ mpi
2π
{(
wapipi(µ)
asW
mpi2
+ w′apipi(µ)
(asW )
2
mpi4
)
− 1
2
(
wrpipi(µ)
asW
mpi2
+ 7w′apipi(µ)
(asW )
2
mpi4
)
k2
mpi2
+ · · ·
}
, (3.35)
where
wapipi(µ) =− 8(4π)2
(
wR3 (µ)− wReff (µ)− 2ℓR3 (µ) + ℓR4 (µ)
)
,
w′apipi(µ) =− 16(4π)2
(
w′R3 (µ)− wR3 (µ) + ℓR3 (µ)
)
,
wrpipi(µ) =− 8(4π)2
(
7wR3 (µ)− 3wReff (µ)− 14ℓR3 (µ) + 3ℓR4 (µ)
)
. (3.36)
As seen in the results, the artifacts from the isotropic lattice that are present in the
final form are either linear or quadratic in as. By using results that differ in lattice spacing,
one can pick off the coefficients of these artifacts and remove them from the final result. If
one is working with a perfectly clover-improved Wilson lattice, this would remove all O(as)
effects leaving only the O(a2s) effects. It is also important to note that there is no physical
information gained by determining specific LECs that are a result of the isotropic lattice
spacing (the individual w terms) unlike determining specific Gasser-Leutwyler coefficents.
Therefore, the useful coefficient to extract is the linear combination of these terms so they
can be removed from the final result.
At this point, one can compare these lattice spacing effects for the Wilson action to
those found for the mixed action (with chiral valence fermions) in Ref. [79, 80]. For this
mixed action case, when in terms of the lattice-physical parameters, there is no lattice
spacing dependence through the NLO counter-terms. In contrast, when the lattice-physical
parameters are restored in the Wilson action, these effects first appear at the NLO counter-
terms. Thus, these additional effects that are not present at NLO in the mixed action
calculation will need to be removed for the Wilson action calculation.
3.3.3 Anisotropic Discretization
With the recent formulation of χPT for the anisotropic lattice [28], one can begin
calculating corrections to various quantities of interest on the lattice. This process is, in
general, very similar to calculations in the continuum and isotropic lattices, but one now
picks up additional terms that are a result of having different spacial and temporal spacings.
To help extract these effects in a more simplistic notation, the superscript ξ has been added
to all the new terms resulting from this anisotropy. In practice, the anisotropic lattice picks
up two new non-perturbative parameters: the parameter ξ = as/at which is the measure of
anisotropy and the parameter ν, which is used to correct the “speed of light” [58, 59, 125].
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By setting both parameters to 1, the isotropic limit is recovered. In addition to the W
condensate defined in Eq. (3.29), we pick up a W ξ condensate that is given by
W ξ = lim
mq→0
cξSW (u
ξ)µ(uξ)ν
〈q¯σµλF νλq〉
f2
. (3.37)
where uξµ is a vector that breaks hypercubic invariance. It is important to note that the con-
vention chosen for uξµ appears in the anisotropic χPT and its observables. For convenience,
we choose this vector to be uξµ = (1,0). The condensates and the anisotropic paramaters
are related at the classic level by (with Wilson coefficients rs = rt = 1)
W ∝ cSW ∝ ν, (3.38)
W ξ ∝ cξSW ∝
1
2
(
at
as
− ν
)
. (3.39)
In the isotropic limit when ξ and ν are set to 1, the isotropic condensate will remain and
the anisotropic condensate will vanish. Using a similar notation throughout, all terms that
appear with a ξ superscript will vanish when as = at and ν = 1.
The power counting convention used in Eq. (3.26) for the anisotropic Lagrangian is
asW ∼ asW ξ ∼ Bmq ∼ p2 ∼ ǫ. (3.40)
Writing this new Lagrangian in the form of Eq. (3.27), the two-flavor anisotropic
χPT Lagrangian through O(ǫ2) is
Laniso =Lcont +∆Liso +∆Laniso. (3.41)
where
∆Laniso =asW
ξf2
4
tr(Σ† +Σ) +
(wξ3 + w
ξ
4 + w
ξ
1)asW
ξB0
4
tr(mqΣ
† +Σmq)tr(Σ† +Σ)
+
wˆξ3(asW
ξ)2
4
[
tr(Σ† +Σ)
]2
+
w¯ξ3(asW )(asW
ξ)
4
[
tr(Σ† +Σ)
]2
+
wξ4asW
ξ
4
tr(∂µΣ∂
µΣ†)tr(Σ† +Σ) +
wξ1asW
ξ
4
uµuν(∂µΣ∂
νΣ†)tr(Σ† +Σ).
(3.42)
In addition to the anisotropic condensate W ξ mentioned above at LO, there are five
new LECs at NLO as a result of this anisotropy. Four of these new LECs obey the same
symmetry structure as the isotropic terms, however the ωξ1 term additionally breaks hyper-
cubic invariance. Therefore, this term only corrects the time derivative, but not the spacial
one (for the convention of uξµ chosen). As a result, fpi is parameterized by two constants;
f tpi, which is fpi measured in time, and f
s
pi, which is fpi measured in space. This leads to one
correction for the space-measured f spi and a separate correction for the f
t
pi. The pion mass
(mpi), the time-measured pion decay constant (f
t
pi), and the space-measured pion decay
constant (f spi) through NLO are
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mpi
2 = (m2 + 2asW + 2asW
ξ) +
1
3f2
[4mpi
2iI(mpi)− (m2 + 2asW + 2asW ξ)iI(mpi)]
+4ℓ3
m4
f tpi
2 + 8w3
asWm
2
f tpi
2 + 16w
′
3
(asW )
2
f tpi
2
+8wξ3
asW
ξm2
f tpi
2 + 16wˆ
ξ
3
(asW
ξ)2
f tpi
2 + 16w¯
ξ
3
(asW )(asW
ξ)
f tpi
2 (3.43)
f tpi = f
[
1− 2
f tpi
2 iI(mpi) + 2ℓ4
m2
f tpi
2 + 4w4
asW
f tpi
2 + 4(w
ξ
eff + w
ξ
1)
asW
ξ
f tpi
2
]
(3.44)
f spi = f
[
1− 2
f tpi
2 iI(mpi) + 2ℓ4
m2
f tpi
2 + 4w4
asW
f tpi
2 + 4w
ξ
eff
asW
ξ
f tpi
2
]
, (3.45)
where, as in the isotropic case, the wξeff depends on the renormalization condition for the
axial current (this LEC is the same for both f tpi and f
s
pi).
For the rest of this section, all calculations are given in terms ofmpi and f
t
pi. As mentioned
before, how one accounts for the effect of this hypercubic breaking term depends on the
convention. In the convention used here, only f tpi sees the effect of this term and f
s
pi does
not. The scatting amplitude is given by
Tiso = Tcont +∆Tiso +∆Taniso (3.46)
where the mpi and f
t
pi in Tcont are given by Eq. (3.43) and Eq. (3.44) and ∆Taniso is given
by
∆Taniso = − 2
(f tpi)
2
{
− 16(wξ3 − 2ℓ3)
asW
ξmpi
2
(f tpi)
2
− 32(wˆξ3 − wξ3 + ℓ3)
(asW
ξ)2
(f tpi)
2
− 32(w¯ξ3 − w3 − wξ3 + 2ℓ3)
(asW )(asW
ξ)
(f tpi)
2
+ 8(wξeff + w
ξ
1 − ℓ4)
asW
ξ(s− 2mpi2)
(f tpi)
2
− 16wξ1
asW
ξk2
(f tpi)
2
}
. (3.47)
Most of the effects in this scattering amplitude are similar to the isotropic case, except
now there are also expansions in asW
ξ in addition to the expansions in asW . Thus, as
expected, if all the anisotropic effects are removed, only the isotropic limit remains. The
only new symmetry breaking effect is the w1 term which is not a hypercubic invariant
term. In other words, all of the hypercubic breaking due to anisotropy at this order is
contained in this term. However, it’s effects in ∆Taniso appear as just another contribution
to the linear combination of the LECs in front of the term asW
ξ. Therefore, it is difficult
to determine the effect of the the hypercubic breaking term alone from ∆Taniso since its
effects will be mixed in with the other anisotropic LECs4. The resulting artifacts for the
anisotropic Wilson lattice are the isotropic artifacts, ∆(k cot δ0)iso, and the anisotropic
artifacts, ∆(k cot δ0)aniso. Therefore, the total effect of the lattice artifacts due to lattice
spacings are
4The total hypercubic breaking effect would be more visible from the differences of f tpi and f
s
pi
37
∆(k cot δ0) = ∆(k cot δ0)iso +∆(k cot δ0)aniso. (3.48)
The anisotropic lattice artifacts are given by
∆(k cot δ0)aniso ≈ mpi
2π
{(
wξapipi(µ)
asW
ξ
mpi2
+ wˆξapipi(µ)
(asW
ξ)2
mpi4
+ w¯ξapipi(µ)
(asW )(asW
ξ)
mpi4
)
− 1
2
(
wξrpipi(µ)
asW
ξ
mpi2
+ 7w′ξapipi (µ)
(asW
ξ)2
mpi4
+ 7w¯ξapipi(µ)
(asW )(asW
ξ)
mpi4
)
k2
mpi2
+ · · ·
}
, (3.49)
where
wξapipi(µ) =− 8(4π)2
(
wξR3 (µ)− wξReff (µ) + wξR1 (µ)− 2ℓR3 (µ) + ℓR4 (µ)
)
,
wˆξapipi(µ) =− 16(4π)2
(
w′R3 (µ)− wR3 (µ) + ℓR3 (µ)
)
,
w¯ξapipi(µ) =− 16(4π)2
(
w¯ξR3 (µ)− wR3 (µ)− wξR3 (µ) + 2ℓR3 (µ)
)
,
wξrpipi(µ) =− 8(4π)2
(
7wξR3 (µ) + 9w
ξR
eff (µ) + w
ξR
1 (µ)− 14ℓR3 (µ)− 9ℓR4 (µ)
)
. (3.50)
As a result, the ultimate effects of the anisotropic lattice on ∆(k cot δ0) are more terms
that will require variation of as and at independently to fit. Three more terms require fitting
to correct the constant term in the expansion and one more term requires fitting for the
O(k2/mpi2) term in order to remove it’s effects. As mentioned with the isotropic correction,
no physical information is gained by picking off the individual anisotropic LECs. Analogous
to the isotropic case, the anisotropic Wilson action first has lattice spacing dependence at
the NLO counter-terms. The aim here is to determine these linear combinations and remove
their effects from the lattice measurements.
3.4 Discussion
In this work, I=2 ππ scattering was calculated from the χPT for isotropic and anisotropic
lattice spacings. Also, connections between these χPT calculations and the k cot δ0 value
measured from lattice calculations were illustrated. When ∆(k cot δ0) is given in terms of the
lattice-physical parameters, these lattice spacing effects first appear at the NLO LECs and
can be removed from the result of the lattice calculation. However, ∆(k cot δ0) has numerous
undetermined linear combinations of LECs, which would need to be determined (by fitting
several different lattice spacings) in order to successfully remove it from the lattice result.
Therefore, as more lattice calculations of ππ scattering are completed (for both isotropic
and anisotropic lattice spacings), these combinations of LECs can be determined better,
which will result in a more accurate result after these lattice artifacts are removed.
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Chapter 4
pipi Scattering in Twisted Mass
Chiral Perturbation Theory
4.1 Overview
Calculations of hadron interactions from lattice QCD have received significant attention
in recent years [126], with dynamical calculations of two-meson systems [101,110,111,127,
128], two-baryon systems [48, 49] and systems of up to 12 pions [129, 130] and kaons [131].
Additionally, lattice methods are currently being applied to the low-energy effective field
theory of multinucleon interactions [132–139], for which there exists a nice review [140].
The majority of the dynamical lattice QCD calculations of hadron interactions to date,
have either been performed with Wilson fermions or a mixed lattice action [141, 142] of
domain-wall valence fermions [9–11] and the Asqtad improved [143, 144] rooted staggered
MILC configurations [145, 146]. Twisted mass lattice QCD [65, 147] has recently emerged
as a viable fermion discretization method for lattice calculations with two flavors of light
quarks, (up and down) [119, 148, 149] and hopeful prospects of 2 + 1 + 1 (up, down,
strange and charm) flavors of dynamical sea fermions [150] in the chiral regime. Therefore,
it is natural that hadron interactions will be computed with the twisted mass fermion
discretization method, and initial twisted mass results for I=2 ππ interactions have been
recently published [31,32]1.
To truly understand the twisted mass results of I=2 ππ interactions, the systematic
effects due to lattice artifacts must first be understood. Lattice discretization effects can be
incorporated into the chiral Lagrangian through a two-step process first detailed in Ref. [26].
One first constructs the effective continuum Symanzik Lagrangian [18,19] for a given lattice
action. One then builds the low energy chiral Lagrangian from the Symanzik theory, giving
rise to new unphysical operators with their own LECs. These new operators capture the
discretization effects for a given lattice action. This process is spelled out for the Wilson
action in Chapter 1.
In this chapter, we briefly review the construction of the twisted mass chiral Lagrangian
in Sec. 4.2. We then determine the lattice spacing (b) corrections to low-energy ππ scattering
specific to the twisted mass lattice action. We work through O(b2) ∼ O(bm2pi).
1These references made use of the work developed in this chapter
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4.2 Twisted mass lattice QCD and the continuum effective
action
The twisted mass chiral Lagrangian was determined previously in Refs. [124, 151–154],
and for baryons in Ref. [68]. In this work, we focus on twisted mass lattice QCD with
degenerate light flavors given by the lattice action
S =
∑
x
ψ¯(x)
[
1
2
∑
ν
γν(∇∗ν +∇ν)−
r
2
∑
ν
∇∗ν∇ν +m0 + iγ5τ3µ0
]
ψ(x) , (4.1)
where ψ and ψ¯ are the dimensionless lattice fermion fields, ∇ν(∇∗ν) are the covariant forward
(backward) lattice derivatives in the ν direction, m0 is the dimensionless bare quark mass
and µ0 is the dimensionless bare twisted quark mass. The fermion fields are flavor doublets,
τ3 is the third Pauli-spin matrix and the bare mass term is implicitly accompanied by a flavor
identity matrix. Our twisted mass χPT analysis also holds for dynamical lattice calculations
with 2+1+1 flavors, the only difference being the numerical values of the LECs determined
when fitting the extrapolation formula to the calculation results. This action is beneficial in
several ways. While it has a term that breaks parity, it contains a parity
⊗
flavor symmetry
that prevents unwanted radiative corrections. However, this term, which is referred to as the
twisted mass term, is a mass term that multiplicatively renormalized akin to how the quark
mass term is in continuum QCD. This prevents issues involving exceptional configurations.
Additionally, for certain choices of m0 and µ0 parameters, known as maximal twist, this
action can additionally be O(a) improved without including a Sheikholeslami-Wohlert term.
The continuum chiral Lagrangian, supplemented by discretization effects is determined
with the two step procedure of Ref. [26]. This was done for the twisted mass lattice action
in Ref. [153], to NLO in which a power counting mq ∼ bΛ2QCD was used and which we shall
adopt. The resulting effective Lagrangian is
Leff = Lglue + q¯(D/+m+ iγ5τ3µ)q + cSW b q¯ iσµνFµνq +O(b2, bmq,m2q) , (4.2)
where Lglue is the Yang-Mills Lagrangian. The quark fields are an isodoublet, qT = (qu, qd)
and the quark masses are given by
m = Zm(m0 −mc)/b ,
µ = Zµµ0/b . (4.3)
The symmetry properties of the twisted mass lattice action protect the twisted mass from
additive mass renormalization. With Eq. (4.2), one can construct the two flavor chiral
Lagrangian. This is the Gasser-Leutwyler Lagrangian [17] supplemented by chiral and flavor
symmetry breaking terms proportional to the lattice spacing. The Lagrangian through NLO
relevant to our work takes the form [124,153],
Ltwχ =
f2
8
tr(∂µΣ∂µΣ
†)− f
2
8
tr(χ′†Σ+ Σ†χ′)− l1
4
tr(∂µΣ∂µΣ
†)2 − l2
4
tr(∂µΣ∂νΣ
†)tr(∂µΣ∂νΣ†)
− l3 + l4
16
[
tr(χ′†Σ+ Σ†χ′)
]2
+
l4
8
tr(∂µΣ∂µΣ
†)tr(χ′†Σ+ Σ†χ′)
+ W˜ tr(∂µΣ∂µΣ
†)tr(Aˆ†Σ+ Σ†Aˆ)−W tr(χ′†Σ+ Σ†χ′)tr(Aˆ†Σ+ Σ†Aˆ)
−W ′
[
tr(Aˆ†Σ+ Σ†Aˆ)
]2
, (4.4)
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where the LECs, l1–l4 are the SU(2) Gasser-Leutwyler coefficients and the coefficients
W˜ , W and W ′ are unphysical LECs arising from the explicit chiral symmetry breaking of
the twisted mass lattice action. The spurion fields are defined as
χ′ = 2B0(m+ iτ3µ) + 2W0b ≡ mˆ+ iτ3µˆ+ bˆ
Aˆ = 2W0b ≡ bˆ . (4.5)
As discussed in Ref. [124], the vacuum of the theory as written is not aligned with the flavor
identity but is given at LO by
Σ0 ≡ 〈0|Σ|0〉 = mˆ+ bˆ+ iτ3µˆ
M ′
= exp(iω0τ3) , (4.6)
with
M ′ =
√
(mˆ+ bˆ)2 + µˆ2 . (4.7)
Therefore, to determine the Feynman rules which leave the interactions of the theory the
most transparent, one expands the Lagrangian around the physical vacuum. Extending this
analysis to NLO, one finds the vacuum angle shifts to ω = ω0 + ǫ where one can determine
ǫ either by finding the minimum of the potential, as was done in Ref. [124] or by requiring
the single pion vertices to vanish,
ǫ(ω0) = −32
f2
bˆ sinω0
[
W + 2W ′ cosω0
bˆ
M ′
]
. (4.8)
One can expand about the physical vacuum by making the replacement
Σ = ξmΣph ξm, with ξm = exp(iωτ3/2), (4.9)
and
Σph = exp
(
2iφ
f
)
, φ =

 pi0√2 π+
π− − pi0√
2

 . (4.10)
One then finds the Lagrangian is given by
L = Lcont. + W˜ bˆ cosω tr(∂µΣph∂µΣ†ph)tr(Σph +Σ†ph)− bˆ cosω
(
WM ′ +W ′bˆ cosω
) [
tr(Σph +Σ
†
ph)
]2
+ W˜ bˆ sinω tr(∂µΣph∂µΣ
†
ph)tr(iτ3(Σph − Σ†ph))−W ′bˆ2 sin2 ω
[
tr(iτ3(Σph − Σ†ph))
]2
− tr(iτ3(Σph − Σ†ph))
[
ǫ(ω)
M ′f2
8
+ bˆ sinω
(
WM ′ + 2W ′bˆ cosω
)
tr(Σph +Σ
†
ph)
]
,
(4.11)
where Lcont. is the continuum SU(2) chiral Lagrangian to NLO. Of particular interest to
us are the new two, three and four pion interactions which result from the discretization
errors in the twisted mass Lagrangian. We find, in agreement with Ref. [124]
L = Lcont. +∆L2φ +∆L3φ +∆L4φ , (4.12)
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where
∆L2φ = cosω16W˜ bˆ
f2
tr(∂µφ∂µφ) +
1
2
∆M ′(ω) tr(φ2) +
1
2
∆M ′0(ω)
[
tr
(
τ3φ√
2
)]2
, (4.13)
∆L3φ =− sinω 16W˜ bˆ
f3
tr(τ3φ)tr(∂µφ∂µφ) +
ǫ(ω)M ′
2f
tr(τ3φ)tr(φ
2) , (4.14)
∆L4φ =− ∆M
′(ω)
3f2
[tr(φ2)]2 − ∆M
′
0(ω)
3f2
[tr(
τ3φ√
2
)]2tr(φ2)
+ cosω
32W˜ bˆ
3f4
tr(φ∂µφ[φ, ∂µφ])− cosω 16W˜ bˆ
f4
tr(∂µφ∂µφ)tr(φ
2) , (4.15)
and the mass corrections are given by
∆M ′(ω) = cosω
64bˆ
f2
(
WM ′ + cosωW ′bˆ
)
,
∆M ′0(ω) = − sin2 ω
64W ′bˆ2
f2
. (4.16)
From this Lagrangian, one can determine the pion masses, decay constants and wave-
function corrections. One finds the masses are (using the modified dimensional regulariza-
tion of Ref. [17])
m2pi± = M
′
[
1 +
M ′
(4πf)2
ln
(
M ′
µ2
)
+ lr3(µ)
4M ′
f2
]
+∆M ′(ω)− cosω32W˜ bˆM
′
f2
, (4.17)
m2pi0 = m
2
pi± +∆M
′
0(ω) , (4.18)
the decay constants are2
fpi = f
[
1− 2M
′
(4πf)2
ln
(
M ′
µ2
)
+ lr4(µ)
2M ′
f2
+ cosω
16W˜ bˆ
f2
]
, (4.19)
and the wave-function correction is
δZpi = 4M
′
3(4πf)2
ln
(
M ′
µ2
)
− lr4(µ)
4M ′
f2
− cosω32W˜ bˆ
f2
(4.20)
These expressions will be needed to express the scattering in terms of the lattice-physical
parameters (by lattice-physical, we mean the renormalized mass and decay constant as
measured from the correlation functions, and not extrapolated to the continuum or infinite
volume limit). As we discuss in the next section, these interactions lead to three types of new
contributions to ππ scattering states: there are discretization corrections to the scattering
parameters, the scattering lengths, effective ranges, etc., which appear in a mild manner as
those from the Wilson chiral Lagrangian [29]. There are corrections which can potentially
significantly modify the chiral behavior, arising from the three-pion interactions, and there
are new corrections which mix different scattering channels, for example, the I = 2, I3 = 0
and the I = 0 scattering states.
2There is an exact Ward identity one can exploit to compute the charged pion decay constant and avoid
issues of the axial current renormalization discussed for example in Ref. [123].
42
(a) (b)
Figure 4.1: New unphysical graphs from twisted mass interactions in the t(u)-channel (a)
and s-channel (b). Fig. (b) can only contribute to I3 = 0 scattering.
4.3 pipi Scattering in Twisted Mass χPT
In this section we calculate corrections to the two-pion scattering channels. We begin
with the maximally stretched I = 2 states, which have the simplest corrections.
4.3.1 I = 2, I3 = ±2 Channels
There are two types of discretization corrections which modify the I = 2, I3 = ±2 scat-
tering, those which are similar to the corrections for the Wilson lattice action [29,155] and
those which arise from the three-pion interactions, Eq. (4.14) and give rise to new Feyn-
man diagrams. We will express the scattering parameters in terms of the lattice-physical
pion mass and decay constant. As was shown in detail, this has dramatic consequences
on the formula for the scattering parameters in both partially quenched and mixed action
χPT [79,80,82], such that the extrapolation formulae were free of unphysical counterterms
through NLO. There is a second benefit to expressing the scattering parameters in lattice-
physical parameters. This allows one to perform a chiral extrapolation in terms of the ratio
mpi/fpi, and thus avoid the need for scale setting. This was crucial in allowing the NPLQCD
Collaboration to make a precision prediction of the I = 2 scattering length [110,111].
The simple corrections to the scattering amplitude are determined from ∆L4φ,
Eq. (4.15). The three-pion interactions from Eq. (4.14) lead to new graphs in the scattering
amplitude, which we depict in Fig. 4.1. The I = 2, I3 = ±2 scattering channels receive
corrections from Fig. 4.1(a) and its u-channel counterpart. The internal propagating pion
is a π0, which, for present lattice actions, is known to be lighter than the charged pions in
dynamical twisted mass lattice calculations with degenerate light quark masses [119,149].
Putting all the corrections together, one finds the scattering amplitude, which we express
in Minkowski-space, is given by
T 2,±2 = T 2,±2cont. +∆T 2,±2 , (4.21)
where the discretization corrections are
∆T 2,±2(ω) = 4∆M
′(ω)
f2pi
+ cosω
64W˜ bˆ
f4pi
s+
2ǫ2(ω)m4pi
f2pi
(
1
m2
pi0
− t +
1
m2
pi0
− u
)
. (4.22)
The first two terms arise from Eq. (4.15) as well as from the conversion to the lattice-physical
parameters. The second two terms arise from Fig. 4.1(a). These terms are formally NNLO.
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However, depending upon the precision with which the twist angle is tuned, these terms
may become large and require promotion to lower order. Expanding the NLO contribution
to the twist angle, Eq. (4.8), one finds
ǫ2(ω)m4pi =
(
64W ′bˆ2
f2pi
)2
sin2 ω cos2 ω +O(m2pi) . (4.23)
We can then determine the corrections to the I = 2, I3 = ±2 scattering lengths, for which
we find
∆mpia
I=2,±2
pipi (ω) =
∆M ′(ω)
8πf2pi
− cos(ω)8W˜ bˆm
2
pi
πf4pi
+
(32W ′)2
2π
sin2 ω cos2 ω
m2
pi0
/f2pi
bˆ4
f8pi
. (4.24)
The first observation we make is that at maximal twist, ω = π/2, these leading discretization
errors exactly cancel through NLO (this is true of the corrections to the scattering amplitude
and not just the scattering length)3
∆mpia
I=2,±2
pipi (π/2) = 0 . (4.25)
This is independent of the use of lattice-physical parameters, and holds also for the scatter-
ing length expressed in bare parameters, or any combination of bare and physical. At zero
twist, ω = 0, our expressions reduce to those of Ref. [29]. Converting fpi → f , our answer
agrees with that in Ref. [155]. The scattering length at maximal twist is simply given by
the continuum formula
mpia
I=2
pipi = −2π
(
mpi
4πfpi
)2{
1 +
(
mpi
4πfpi
)2 [
3 ln
(
m2pi
µ2
)
− 1− lI=2pipi (µ)
]}
, (4.26)
where the combination of Gasser-Leutwyler coefficients is [89, 90]
lI=2pipi = 4(4π)
2(4lr1 + 4l
r
2 + l
r
3 − lr4) . (4.27)
Furthermore, the discretization errors only enter at tree level at this order (when the ex-
pression is expressed in lattice-physical parameters), and thus at arbitrary twist, the expo-
nentially suppressed finite volume corrections to Lu¨scher’s method are also given by those
determined in continuum finite volume χPT [113].
Returning to the new graphs arising from the three-pion interactions, we can estimate
the size of the corrections to the scattering amplitude using the known mass splitting be-
tween the charged and neutral pions [119, 149]. Estimating the splitting with the leading
correction, Eq. (4.18), and solving for W ′ from Eq. (4.16), we can estimate the corrections
to the I = 2, I3 = ±2 scattering length near maximal twist. As a ratio to the LO prediction
for the scattering length, one finds
∆mpia
I=2,±2
pipi (ω)
m2pi/8πf
2
pi
≃ cot
2 ω
(
∆M ′0(ω)/m
2
pi
)2
1 + ∆M ′0(ω)/m2pi
. (4.28)
3We have assumed that a suitable definition of the maximal twist angle has been used in the numerical
lattice computations such that one is not restricted to the regime mq >> b
2Λ3QCD, but rather one is allowed
mq & bΛ
2
QCD [124,154,156,157].
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At the lightest mass point calculated in Refs. [119, 149], which corresponds to mpi ≃
300 MeV, the pion mass splitting is
∆M ′0(ω ∼ π/2)
m2pi
≃ −0.33 , (4.29)
and therefore one must have cotω ≥ 0.3 for this term to make more than a 1% correction.
Therefore, for current twisted mass lattice calculations, corrections to the I = 2, I3 =
±2 scattering length (and other parameters) should be negligible provided higher order
corrections are as small as expected.
4.3.2 I3 = 0 scattering channels
There are several features which make scattering in the I3 = 0 channels more compli-
cated than in the I = 2, I3 = ±2 channels, most of which stem from the fact that the
twisted mass lattice action explicitly breaks the full SU(2) symmetry down to U(1), the
conserved I3 symmetry. The first technical complication is not specific to twisted mass
calculations, but is simply the need to compute quark disconnected diagrams. The second
complication stems from the mass splitting of the charged and neutral pions. Generally, one
determines the scattering phase shift for two particles with the Lu¨scher method [84–86,115],
by determining the interaction energy
∆Epipi = 2
√
p2 +m2pi − 2mpi . (4.30)
In the isospin limit, the |2, 0〉 and |0, 0〉 states (in the |I, I3〉 basis) are given by
|2, 0〉 = 1√
6
(|π+π−〉+ |π−π+〉 − 2|π0π0〉) ,
|0, 0〉 = 1√
3
(|π+π−〉+ |π−π+〉+ |π0π0〉) . (4.31)
However, given the relatively large mass splitting in current twisted mass lattice calcula-
tions, Eq. (4.29), the propagating eigenstates will be arbitrarily shifted from the physical
states, perhaps shifting nearly to the {|π+π−〉, |π−π+〉, |π0π0〉} basis. This would have to
be disentangled numerically. Even ignoring this issue, which we deem the most serious, and
working with the continuum {|2, 0〉, |0, 0〉} basis, there is a mixing of these states, which
first appears at NLO as the second operator in Eq. (4.15). Working with the states
|I, 0〉 =
(|2, 0〉
|0, 0〉
)
(4.32)
one finds
∆T 2,0;0,0∆L4φ =
8∆M ′0(ω)
9f2
(
4 − 7√
2
− 7√
2
5
)
. (4.33)
Given the correction ∆M ′0(ω), one sees this mixing is in fact maximal at maximal twist.
This is nominally a NLO effect, thus possibly leaving the states mostly unmixed. However,
a comparison of this term with the LO amplitude of the I = 2, I3 = ±2 scattering, one finds
close to maximal twist
∆T 2,0;0,0∆L4φ /(32π)
−2π(mpi/4πfpi)2 ≃
1
m2pi/f
2
pi
(
1.11 −1.37
−1.37 1.38
)
. (4.34)
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Figure 4.2: Modified four-point function, (a) consisting of all off-shell graphs. These vertices
can then be iterated and summed (b), to determine the ππ interactions. This summation
gives rise to the Lu¨scher relation, valid below the inelastic threshold.
For mpi/fpi = 2, all terms in this scattering matrix are approximately 1/3 the size of the LO
amplitude. Since we now know that the physical NLO corrections to the I = 2 scattering
length for example, only provide a few percent deviation from the LO term [79,80,110,111],
we conclude that this NLO operator in fact provides a relatively large contribution to the
scattering amplitude, and furthermore provides a large mixing term, and thus cannot be
neglected. This, combined with the problem we mentioned previously, means a coupled
channel version of Lu¨scher’s method of determining the scattering parameters would be
needed to explore the I3 = 0 scattering channels with twisted mass lattice QCD.
The ∆L4φ Lagrangian is not the only source of mixing. The three-pion interactions,
depicted in Fig. 4.1, in the s, t and u channels, will also lead to a mixing of the |2, 0〉 and
|0, 0〉 states, as one can check with an explicit calculation. One may be concerned that the
new s channel graph will invalidate Lu¨scher’s method. This is not the case however, as the
internal pion propagator is always off-shell, and thus these diagrams do not contribute to
the power-law volume dependence of the two-particle energy levels. An alternative way to
understand this is diagrammatically. One can define a modified (momentum dependent)
four-point function, which is order by order all the diagrams which do not go on-shell below
the inelastic threshold. We depict this modified vertex in Fig. 4.2(a). These 2PI diagrams
can then be resummed to all orders to produce the scattering matrix, Fig. 4.2(b). It is this
resummation that produces the Lu¨scher relation, relating the finite volume scattering to
the infinite volume scattering parameters [84–86,115]. In this way, one can see that the new
interactions will not lead to a modification of the structure of the Lu¨scher relation.
Our last note of caution regards the construction of the interpolating fields. In the
physical basis, the states which become those of definite isospin in the continuum limit are
given by Eq. (4.31). However, the interpolating fields are generally constructed with quark
fields in the twisted basis, with a known definite twist from the physical basis fields. While
this is also true of the π+π+ scattering channel, the phase is trivial since there is only one
term contributing to the |2, 2〉 state. Thus if one were to undertake a calculation of these
coupled scattering channels, care should be taken in constructing the correct interpolating
fields.
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4.4 Conclusions
In this report, we have detailed ππ interactions in twisted mass χPT. We have shown
that through NLO, at maximal twist the corrections to the I = 2, I3 = ±2 scattering
parameters from discretization errors are identically zero. However, near maximal twist
there are corrections which can modify the expected chiral behavior which we demonstrated
by an explicit calculation of the correction to the scattering length. We found however,
that for the dynamical twisted mass lattice configurations which exist today, the expected
corrections are negligible.
The I3 = 0 scattering channels proved to have more significant discretization corrections,
most notably a mixing term between the |2, 0〉 and |0, 0〉 states which is relatively large.
In fact, these mixing terms combined with the need for computing quark disconnected dia-
grams and the expected nonperturbative shift of the twisted mass eigenstates, as discussed
in Sec. 4.3.2, may make a calculation of these I3 = 0 scattering channels prohibitively
complicated.
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Chapter 5
Meson-Baryon Scattering
Parameters from Lattice QCD
with an Isospin Chemical Potential
5.1 Overview
As stated in Chapter 4, the determination of hadronic interactions via lattice QCD
has shown substantial progress in recent years. The main focus on this chapter will involve
meson-baryon scattering. Several meson-bayon scattering channels are numerically feasible,
and have been simulated in Ref. [158]. The computation of a different class of hadronic inter-
actions, however, is hindered by the existence of annihilation diagrams, which, using current
lattice methods, require all-to-all propagators. While some progress has been made in the
computation of these propagators [159], the scaling to larger lattices is still prohibitively
expensive for practical calculations of hadronic interactions. As a result, information on
pion-nucleon scattering, and KN scattering, a process thought to be important for kaon
condensation in neutron stars [160–164], has remained elusive to a first principles lattice
calculation.
In this work, we propose a novel method for extracting the low-energy constants for scat-
tering processes with or without annihilation diagrams by employing an isospin chemical
potential. In terms of lattice calculations, the addition of an isospin chemical potential re-
sults in a positive definite determinant, which avoids the fermion sign problem that plagues
other finite density calculations1. An additional feature of an isospin chemical potential
intrinsic to our analysis is the formation of a pion condensate when the chemical potential
reaches a critical value [170,171]. This feature has been observed in previous lattice calcula-
tions [172–177]. In the presence of this dynamically generated pion condensate, propagating
baryons have their masses shifted by an amount depending on the value of the condensate,
chemical potential, and a linear combination of LECs, with a dependence that can be cal-
culated in heavy baryon chiral perturbation theory. As a result, precision measurement of
baryon masses for several values of the chemical potential coupled with the HBχPT analysis
gives an avenue for extracting scattering parameters, even for processes with annihilation
diagrams.
The organization of this chapter is as follows. In Sec. 5.2, the continuum QCD action
1For more information and examples, see [165–169].
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with an isospin chemical potential is detailed along with the leading-order values for the
condensates. In Sec. 5.3, we present the two-flavor HBχPT analysis of nucleon and hyperon
masses in the presence of the pion condensate. Our results show the linear combinations of
LECs that can be extracted from doing several measurements at different chemical potentials
above the critical point. In Sec. 5.4, the results of three-flavor HBχPT are derived by
matching conditions to the two-flavor results.
5.2 Isospin Chemical Potential
The primary focus of the next two section will be QCD with two light-quark flavors with
a finite isospin chemical potential. Using a continuum Minkowski space action, the matter
part of the QCD Lagrangian is
L = ψ
[
i
(
D/ + iµIγ0
τ3
2
)
−mq + iǫγ5 τ
2
2
]
ψ, (5.1)
whereD/ is the SU(3)c gauge covariant derivative,mq = diag(m,m) is the quark mass matrix
in the isospin limit, and ψ = (u, d)T an isodoublet of quarks. The isospin chemical potential,
µI , appears as the time-component of a uniform gauge field. The term proportional to ǫ is
an explicit isospin breaking term. It is included here because the spontaneous breaking of
isospin is an essential part of our analysis. Because symmetries do not break spontaneously
at finite volumes, a small explicit breaking is necessary. This explicit breaking should go to
zero as the size of the lattice goes to infinity.2
For vanishing quark masses, m = 0, and vanishing external sources, µI = ǫ = 0, the
QCD action has an SU(2)L ⊗ SU(2)R symmetry that is spontaneously broken down to
SU(2)V . For non-vanishing chemical potential, the QCD action has only a U(1)L ⊗ U(1)R
symmetry associated with I3. This will be broken down to U(1)V by both spontaneous
chiral symmetry breaking and the explicit symmetry breaking introduced by the quark
mass. At finite µI and finite ǫ, the only continuous symmetry of L is the U(1)B associated
with baryon number.3 We can write down an effective field theory of QCD that takes into
account this pattern of spontaneous and explicit symmetry breaking. This effective theory
is χPT , and at leading order has the form
L = f
2
8
[
< DµUD
µU † > +2λ < M †U + U †M >
]
. (5.3)
Here the angled brackets denote flavor traces, and the external sources have been included
2In Euclidean space, the action can be written in the form SE = ψ(D +mq)ψ, where
D = D/+ µIγ4
τ 3
2
+ iǫγ5
τ 2
2
. (5.2)
The Dirac operator D satisfies the condition τ 1γ5D τ
1γ5 = D
†, which ensures that the product of u and d
fermionic determinants is positive.
3With both µI and ǫ non-vanishing there is no symmetry that prevents their renormalization. These
parameters are only multiplicatively renormalized because, for example, the isospin chemical potential is
the only term in the action that breaks C ⊗ τ 3, and the explicit isospin breaking term is the only term in
the action that breaks parity. Furthermore because we are interested in the limit of small ǫ, the action will
be approximately symmetric under the U(1)V associated with τ
3. Consequently µI cannot be appreciably
renormalized.
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in the terms
M = s+ ip,
DµU = ∂µU + i[Vµ, U ], (5.4)
where the external vector potential is given by: Vµ = µI
τ3
2 δµ,0, the pseusdoscalar source is
given by: p = ǫ τ
2
2 , and the scalar source is just the quark mass, s = mq.
The isospin chemical potential favors the presence of up quarks as opposed to down
quarks. When it is larger than about mpi, it becomes energetically favorable for the ground
state to contain positive pions. Assuming a uniform value U0 for the vacuum expectation
value of U(x), we can minimize the effective potential to determine the vacuum (ground)
state. Using the standard parametrization of SU(2), namely U0 = exp[iα βMn · βM τ ], with
βMn · βMn = 1, we find
U0 =
{
1, |µI | < mpi,
exp[iα τ2], |µI | > mpi
. (5.5)
The angle α is determined, at lowest order in the chiral expansion, by the transcendental
equation
cosα =
m2pi
µ2I
− λǫ
µ2I
cotα, (5.6)
where the pion mass satisfies the Gell-Mann–Oakes–Renner relation, m2pi = 2λm. For small
values of ǫ, one can determine α using a perturbative expansion of Eq. (5.6). This expansion,
however, breaks down as one nears the critical value of the chemical potential from above.
In the condensed phase, the condensates have values
〈ψψ〉 = f2λ cosα,
i〈ψτ2γ5ψ〉 = f2λ sinα. (5.7)
5.3 Baryons in an isospin chemical potential: SU(2)
When a hadron propagates in the background of a pion condensate its properties are
changed due to the interactions of the hadron with the pions in the condensate. Their mass,
for instance, is shifted by an amount closely related to the forward scattering amplitude of
pions on the hadron. Unfortunately, the pions in the condensate are not exactly on-shell
and no model independent relation can be found between pion-hadron scattering amplitudes
and the mass shift. However, the chiral expansion of these two quantities are related in the
way described in this section.
5.3.1 Nucleons
We can address effects of the isospin chemical potential on nucleons by using the heavy
nucleon chiral Lagrangian [178]. This effective theory accounts for spontaneous and explicit
chiral symmetry breaking in the nucleon sector. The theory is written in terms of static
nucleon fields, and thereby the nucleon mass can be treated in accordance with the chiral
symmetry breaking scale.
The leading-order heavy nucleon chiral Lagrangian is written in terms of the nucleon
doublet, N = (p, n)T , and has the form
L(1) = N † (iv ·D + 2gAS · A)N. (5.8)
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The vector vµ is the nucleon four-velocity, while the vector, Vµ, and axial-vector, Aµ, fields
of pions are defined by
Vµ =
1
2
(
ξ†LD
L
µ ξL + ξRD
R
µ ξ
†
R
)
,
Aµ =
i
2
(
ξ†LD
L
µ ξL − ξRDRµ ξ†R
)
. (5.9)
The former appears in the chirally covariant derivative Dµ, which has the following action
on the nucleon field
(DµN)i = ∂µNi + (Vµ)i
jNj . (5.10)
Appearing in the vector and axial-vector pion fields are ξL, and ξR which arise from the
definition U = ξLξR. Under a chiral transformation, (L,R) ∈ SU(2)L ⊗ SU(2)R, the pion
fields transform as: ξL(x) → LξL(x)U(x), and ξR(x) → U†(x)ξR(x)R†, where U(x) is the
matrix entering the transformation of the nucleon field, Ni → U(x)ijNj . The left-handed
and right-handed derivatives act according to the rules
DLµ ξL = ∂µξL + iLµξL,
DRµ ξR = ∂µξR − iξRRµ. (5.11)
For the case of an external vector field, the left- and right-handed vector sources coincide:
Lµ = Rµ = Vµ. In an isospin chemical potential, the spurions are given the final values
ξL(x) = ξ0 ξ(x),
ξR(x) = ξ(x)ξ0, (5.12)
so that the vacuum value is U0 = ξ
2
0 .
At leading-order using Lagrangian Eq. (5.8), the shift in nucleon mass due to the chem-
ical potential is the trivial result
MN =M
(0)
N − µI cosα
τ3
2
, (5.13)
where M
(0)
N is the chiral limit value. Beyond leading-order, the nucleon mass receives
corrections that depend on low-energy constants. These constants are the coefficients of
terms in the second-order nucleon chiral Lagnrangian. Including relativistic corrections
with fixed coefficients, the complete4 second-order Lagrangian is
L(2) = N †
[
− D
2
⊥
2M
(0)
N
+
1
2M
[Sµ, Sν ] [Dµ,Dν ]− igA
M
(0)
N
{
v ·A,S ·D
}
+ 4c1 <M+ >
+4
(
c2 − g
2
A
8M
(0)
N
)
(v · A)2 + 4c3A2 + 4c4[Sµ, Sν ]AµAν + 4c5M˜+
]
N,
(5.14)
where M˜+ = M+ − 12 < M+ >, and M+ = 12λ(ξ†LMξ†R + ξRM †ξL). The last term with
coefficient c5 only contributes in the presence of strong isospin breaking.
4When one considers external sources with non-vanishing field strength tensors, additional terms are
present. The external sources we consider, however, are uniform in spacetime.
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Utilizing the second-order nucleon Lagrangian, we arrive at the nucleon mass
MN =M
(0)
N − µI cosα
τ3
2
+ 4c1
(
m2pi cosα+ λǫ sinα
)
+
(
c2 − g
2
A
8M
+ c3
)
µ2I sin
2 α (5.15)
The second-order correction is entirely isoscalar, and allows access to the low-energy con-
stant c1, and the combination c2 + c3. One can vary the quark mass and isospin chemical
potential to isolate these coefficients from the observed behavior of the nucleon mass in
lattice QCD.5
5.3.2 Hyperons
Recently there has been interest in treating hyperons using SU(2) χPT , effectively
integrating out the kaon interactions and grouping interactions by strangeness [116, 179–
183]. We consider hyperons in an isospin chemical potential, and determine which low-
energy constants of SU(2) χPT can be determined from their masses. This is a natural
approach because the isospin chemical potential produces only pion-hyperon interactions.
In the stangeness S = 1 sector are the Λ and Σ baryons. The Λ baryon is an isosinglet,
while the Σ baryons form an isotriplet. The leading-order Lagrangian in the S = 1 sector
has the form
L(1) = Λ†iv · ∂Λ+ < Σ† (iv ·D −∆ΛΣ) Σ > . (5.16)
Here we have packaged the Σ fields into an adjoint matrix
Σ =
(
1√
2
Σ0 Σ+
Σ− − 1√
2
Σ0
)
, (5.17)
and use angled brackets to denote flavor traces. The covariant derivative acts as DµΣ =
∂µΣ + [Vµ,Σ]. The parameter ∆ΛΣ is the SU(2) chiral limit value of the mass splitting,
∆ΛΣ = M
(0)
Σ −M (0)Λ . In writing the leading-order Lagrangian, we have omitted the axial
couplings to pions as these terms are not relevant for our computation. Similarly we write
down only the contributing terms from the second-order S = 1 Lagrangian
L = Λ†Λ [4cΛ1 <M+ > +2cΛ2 < v · A2 > +2cΛ3 < A2 >]
+ < Σ†Σ >
[
4cΣ1 <M+ > +2cΣ2 < v ·A2 > +2cΣ3 < A2 >
]
+4c6 < Σ
†v ·A >< v ·AΣ > +4c7 < Σ†Aµ >< AµΣ > . (5.18)
Using the first- and second-order Lagrangians, we find the mass of the Λ baryon
MΛ =M
(0)
Λ + 4c
Λ
1
(
m2pi cosα+ λǫ sinα
)
+ (cΛ2 + c
Λ
3 )µ
2
I sin
2 α, (5.19)
and see that the low-energy constant cΛ1 , and the combination c
Λ
2 + c
Λ
3 can be accessed. For
the Σ0 baryon, we find the mass
MΣ0 = M
(0)
Σ + 4c
Σ
1
(
m2pi cosα+ λǫ sinα
)
+ (cΣ2 + c
Σ
3 )µ
2
I sin
2 α. (5.20)
5One can go further and impose isospin twisted boundary conditions on the quark fields, e.g. ψ(x+Lzˆ) =
exp[iθτ 3]ψ(x). This has the advantage of introducing non-vanishing spatial components of the vacuum value
of Aµ, and leads to the ability to isolate more low-energy constants. For the example mentioned, the c3
coefficient can be determined from the mixing angle between nucleons.
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At this order in the chiral expansion, the charged Σ baryons mix. We find the mass eigen-
values
M± = MΣ0 + (c
Σ
6 + c
Σ
7 )µ
2
I sin
2 α± µI
√
cos2 α+ (cΣ6 + c
Σ
7 )
2µ2I sin
4 α. (5.21)
The corresponding eigenstates are
|+〉 = cos Θ
2
|Σ+〉 − sin Θ
2
|Σ−〉
|−〉 = sin Θ
2
|Σ+〉 − cos Θ
2
|Σ−〉, (5.22)
where the mixing angle can be found from
cosΘ = − cosα√
cos2 α+ (cΣ6 + c
Σ
7 )
2µ2I sin
4 α
. (5.23)
Finally because the cΣj coefficients should scale with the inverse of the chiral symmetry
breaking scale, the mixing between Σ baryons should be small for moderately sized µI .
In the strangeness S = 2 sector are the cascades. The case of the cascade is similar to the
nucleon as the cascades transform as an isospin doublet, Ξ = (Ξ0,Ξ−)T . Consequently the
first- and second-order Lagrangians have the same form as those for the nucleon, Eqs. (5.8)
and (5.14). One merely replaces the chiral limit mass of the nucleon, M
(0)
N , with the chiral
limit mass of the cascade, M
(0)
Ξ , the nucleon axial charge, gA with the cascade axial charge,
gΞΞ. Finally each of the low-energy constants cj have different values for the cascades; these
we denote by cΞj . The cascade masses are thus given by
MΞ =M
(0)
Ξ −µI cosα
τ3
2
+4cΞ1
(
m2pi cosα+ λǫ sinα
)
+
(
cΞ2 −
g2ΞΞ
8M
(0)
Ξ
+ cΞ3
)
µ2I sin
2 α. (5.24)
Varying the quark mass and isospin chemical potential allows one to access cΞ1 , and the
combination cΞ2 + c
Ξ
3 .
5.4 Strange Quark and SU(3)
We can repeat the above analysis including a third light quark. The isospin chemi-
cal potential is added proportional to the λ3 Gell-Mann matrix, while the explicit isospin
breaking term we choose in the direction of λ2. For a massless strange quark, the QCD
action with µI and ǫ both non-vanishing possesses a U(1)L ⊗ U(1)R symmetry associated
with strangeness. The strange quark mass breaks this symmetry down to U(1)V . This
symmetry precludes tilting the vacuum value of U in any strange direction. In SU(3), we
must have
U0 =
(
eiατ
2
0
0 1
)
. (5.25)
Consequently the non-vanishing values of the condensates are
1
3
〈ψ(1−
√
3λ8)ψ〉 = λf2,
1
3
〈ψ(2 +
√
3λ8)ψ〉 = λf2 cosα,
i〈ψλ2γ5ψ〉 = λf2 sinα. (5.26)
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It is now straightforward to determine the effects of the isospin chemical potential on
the octet baryons. The octet baryons can be packaged into an SU(3) adjoint matrix B,
given by
B =


1√
2
Σ0 + 1√
6
Λ Σ+ p
Σ− − 1√
2
Σ0 + 1√
6
Λ n
Ξ− Ξ0 − 2√
6
Λ

 . (5.27)
The relevant term of the leading-order SU(3) Lagrangian is
L(1) =< B†[iv ·D,B] >, (5.28)
with DµB = ∂µB + [Vµ, B]. The kinetic term reproduces the isospin-dependent mass shifts
for the octet baryons found above.
The contributing terms of the second-order SU(3) chiral Lagrangian are
L(2) = 2bF < B†[M+, B] > +2bD < B†{M+, B} > +2b0 < B†B ><M+ >
+b1 < B
†[Aµ, [Aµ, B]] > +b2 < B†[Aµ, {Aµ, B}] > +b3 < B†{Aµ, {Aµ, B}} >
+b4 < B
†[v · A, [v ·A,B]] > +b5 < B†[v · A, {v · A,B}] >
+b6 < B
†{v · A, {v · A,B}} > +b7 < B†B >< A2 > +b8 < B†B >< v ·A2 > .
(5.29)
Evaluating the masses of the octet baryons, we arrive at results identical to the SU(2) case
but with SU(3) relations between parameters. The matching of parameters for the baryon
masses have been given in [180], while those for pion-baryon scattering have been given
in [182]. Terms proportional to the strange quark mass give rise to shifts of the SU(3)
chiral limit value of the baryon mass. Such terms are the leading contributions in SU(3)
to the SU(2) chiral limit values of the baryon masses employed above. As our interest is
with the µI dependence, we do not duplicate the matching relations between the chiral
limit baryon masses here. Matching of M+ operators in the upper 2 × 2 block yields the
relations [180]
4c1 = bD + bF + 2b0,
4cΛ1 =
2
3
bD + 2b0,
4cΣ1 = 2bD + 2b0,
4cΞ1 = bD − bF + 2b0, . (5.30)
Matching of operators involving the product of two axial-vector pion fields gives the rela-
tions [182]
4(c2 + c3) = (b1 + b4) + (b2 + b5) + (b3 + b6) + 2(b7 + b8),
4(cΛ2 + c
Λ
3 ) =
4
3
(b3 + b6) + 2(b7 + b8),
4(cΣ2 + c
Σ
3 ) = 4(b1 + b4) + 2(b7 + b8),
4(cΣ6 + c
Σ
7 ) = −2(b1 + b4) + 2(b3 + b6),
4(cΞ2 + c
Ξ
3 ) = (b1 + b4)− (b2 + b5) + (b3 + b6) + 2(b7 + b8). (5.31)
From these matching conditions, we see that all three of the LECs for the quark mass
dependent operators can be determined, along with four combinations of the eight double
axial-insertion operators. The overdetermination of these parameters, moreover, serves as
a useful check on SU(3) symmetry.
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5.5 Discussion
Above, we show what aspects of meson-baryon scattering can be determined from simu-
lating lattice QCD with an isospin chemical potential. Our approach allows for the determi-
nation of the relevant LECs from first principles; and, specifically for pion-nucleon processes,
avoids the need to evaluate all-to-all propagators. Several attempts at extracting the non-
derivative pion-nucleon couplings from analysis of experimental data have been attempted in
the past. In [184], nucleon-nucleon scattering data was used to determine the pion-nucleon
constants through their effect on two-pion exchange contributions to the nuclear force. Pion-
nucleon scattering data has also been used for this purpose, for instance [185]. Significant
uncertainties and discrepancies between different extractions remain. Our method can help
resolve this situation. The values of the antikaon-nucleon couplings are considerably more
uncertain, although attempts of extracting them from experimental data have been made,
see, for example, [186–189]. Our framework can shed light on this issue by testing SU(3)
symmetry predictions.
Of particular interest is the coefficient c1, related to the nucleon σ-term, which is im-
portant for addressing dark matter interactions with nuclei, and has been the subject of
numerous studies. The value estimated in [190] has been challenged [191]. The pion-nucleon
constants also affect the dependence of the nucleon mass on the quark mass at fourth order
in the chiral expansion, and this dependence has been used to extract them from lattice
QCD calculations at different quark masses (for a recent extraction, see [192]). These ex-
tractions are complicated, however, by the fact that the quark mass dependence of nucleon
mass is barely compatible with chiral perturbation theory predictions at the current values
of quark masses [193,194]. The method proposed here adds another tool that is somewhat
complementary to the quark mass variation of the nucleon mass. In fact, in order to extract
the pion-nucleon couplings one needs to know the nucleon mass for several values of the
quark mass small enough so that chiral perturbation theory is trustable. But, apparently,
this range might be small [194]. The dependence of the nucleon mass on the isospin chemical
potential adds another handle that can be used for this purpose. The computational costs
of changing the quark mass or the chemical potential are comparable. Of course, gauge
configurations at different quark masses are also useful for other purposes besides nucleon
mass extraction. The dependence on µI , moreover, can also help in the extraction of other
observables, making gauge configurations with µI more generally useful, and our proposal
a realistic option.
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Chapter 6
Search for Chiral Fermion Actions
on Non-Orthogonal Lattices
6.1 Overview
One obstacle in lattice QCD is fermion doubling, where the continuum limit describes
multiple fermions despite only one fermion being attached to each node. While more com-
plicated discretizations can reduce the amount of doubling, this often comes at the expense
of exact chiral invariance as shown in the Nielsen-Ninomiya “no-go” theorem [195–197]. In
the past, attempts were made by Karsten [198] and Wilczek [199] to minimize the doubling
(only two fermions) allowed by the Nielsen-Ninomiya “no-go” theorem while preserving chi-
ral symmetry. However, these actions broke additional symmetries leading to the generation
of non-physical dimension three and four operators in the continuum limit.
Recently, Creutz [37] and, shortly after, Boric¸i [200] introduced a non-orthogonal
graphene-inspired action in four-dimensions in order to achieve both minimal doubling and
chiral symmetry. Unfortunately, as shown in Ref. [35], this new action suffers from simi-
lar symmetry breaking issues that plagued the actions proposed by Karsten and Wilczek.
However, an intriguing realization upon studying the Boric¸i-Creutz action is that if a four-
dimension action contains the minimum Z5 permutation symmetry, the generation of the
divergent dimension 3 operators could be prevented in the continuum limit. As a result,
Ref. [36], explores several non-orthogonal lattices in order to achieve this symmetry, but
these lattices also lead to other undesireable features. These actions will be discussed
throughout this note along with the Boric¸i-Creutz action.
6.2 Graphene
Graphene is a single layer of graphite, where the carbon atoms form a two-dimensional
hexagonal (or honeycomb) lattice. The purpose of this section is to describe some of the most
basic results of hexagonal lattices that have attracted a great deal of attention throughout
the condenced matter community. Hexagonal lattices have the intriguing property that
massless fermions on the sites lead to exact Dirac fermions.
These lattices are better analyzed by a two sub-lattice description. As shown in Fig. 6.1,
one sub-lattice (often referred to as the “a-sites” or “l-sites”) only communicates with its
three nearest neighbors which are members of the other sub-lattice (often referred to as
the “b-sites” or “r-sites”). Another important feature is that these three nearest neighbors
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Figure 6.1: (left) Graphene lattice composed of two sub-lattices. The “a-site” lattice is
represented by black circles and the “b-site” lattice is represented by red squares. (right)
Illustrates the proposal by Creutz [37] to group horizontal neighbors into two-atom sites,
given by the ellipses. With these sites, a grid can be constructed, which is given by the pink
lines.
possess a Z3 permutation symmetry, which means that these lattices are invariant under
120◦ rotations. As a result, the addition of the three primary vectors, eα, created by the
three connections to the neareast neighbors yields zero (
∑
α e
α = 0). Without going into
detail, these features of a 1 + 1 dimensional graphene lattice, along with two component
Dirac spinors, result in chiral Dirac fermions in the massless limit. The question that is of
interest to this chapter is how to extend this construction to four-dimensions.
6.3 Graphene-Inspired Lattice Actions
Several years ago, Creutz in Ref. [37] proposed a viable method of extending this con-
struction to four dimensional lattice gauge theory. The main idea behind this method was
to combine the horizontally connected “a” and “b” sites into an individual two-atom “site”
(as shown in Fig. 6.1 as the ellipses around these two-atom sites). Through this process, the
connecting segments between these two atom sides form a non-orthogonal grid, which is il-
lustrated by the pink lines imposed on the lattice in Fig. 6.1. With this formulation, Creutz
generalized this non-orthogonal grid to four-dimensions while maintaining a construction
similar to graphene.
6.4 Boric¸i-Creutz Action
The action of this graphene-inspired, non-orthogonal grid in four dimensions proposed
by Creutz [37], and later Boric¸i [200] is given by
SBC =
1
2
∑
x
[
4∑
µ=1
(
ψx−µ e
µ · Γψx − ψx+µ eµ · Γ† ψx
)
+ ψx e
5 · Γψx − ψx e5 · Γ† ψx
]
,
(6.1)
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where Γµ = (~γ, iγ4) and the four-vectors e
α are defined in terms of two parameters B and
C as
e1 = ( 1, 1, 1, B ), e2 = ( 1,−1,−1, B ), e3 = (−1,−1, 1, B ),
e4 = (−1, 1,−1, B ), e5 = −( 0, 0, 0, 4BC).
Note, each eα above is a four vector and the α does not refer to the individual components of
this vector. These eα vectors are generated from this non-orthogonal grid1, which are related
to the diagonal pink lines in Fig. 6.1. While written in a way that is similar to the na¨ıve
fermion lattice action, there are several key differences in this action. First, the definition of
Γµ contains an iγ4, as opposed to the na¨ıve fermion action that does not contain this factor
of i. This leads to an important sign difference in the fourth component of these vectors.
Second, these eα vectors contain the non-orthogonal structure of this lattice action, which
lead to non-trivial linear combinations of Dirac matricies. To understand the behavior of
this lattice action, it is beneficial to write this action in momentum space, which is given
by
SBC =
∫
p
ψp

i 4∑
µ=1
(
sin(pµ)~e
µ · ~γ +Bγ4(cos(pµ)− C)
)ψp. (6.2)
When written in momentum space, one can immediately confirm that this action has exact
chiral symmetry. In addition, for B 6= 0 and 0 < C < 1, this action has two poles at
p(1)µ = p˜( 1, 1, 1, 1 ) p
(2)
µ = −p˜( 1, 1, 1, 1 ),
where cos(p˜) = C. The existence of only two poles results in the action having minimal
fermion doubling under the Nielsen-Ninomiya “no-go” theorem [195–197].
While the features of exact chiral symmetry and minimal doubling are both convenient
and attractive features in a lattice action, there are undesirable consequences as well. These
consequences stem from the action breaking additional discrete symmetries, namely parity
(ψ(~p, p4) → γ4ψ(−~p, p4)), charge conjugation (ψ(~p, p4) → Cψ¯T (~p, p4)), and time reversal
(ψ(~p, p4)→ γ5γ4ψ(~p,−p4)). These broken symmetries will lead to new unwanted operators
that are a result of radiative corrections.
6.4.1 Radiative Corrections
The presence of additional broken symmetries in lattice actions allow for new operators
to be generated through radiative corrections. The new unphysical operators due to this
lattice discretization fall into three categories; relevant, marginal, or irrelevant operators.
Irrelevant operators, which are operators of mass dimension five or higher, are proportional
to positive powers of the lattice spacing a and would vanish in the continuum limit, a→ 0.
The other two categories, relevant and marginal, remain in the continuum limit and add
unphysical terms to the final results that require fine tuning to eliminate. Marginal opera-
tors, dimension four, can have logarithmic lattice spacing dependence. Relevant operators,
dimension three or less, are particularly bad since they are proportional to negative powers
of a and diverge in the continuum limit.
The exact chirality of the Boric¸i-Creutz action prevents the relevant operator from the
Wilson action proportional to a−1ψψ, but the breaking of parity and time reversal allow to
1See Ref. [36] for more details.
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two additional relevant operators, a−1
∑
j c
(j)
3 O(j)3 , where
O(1)3 = 4iBψγ4ψ = i
4∑
µ=1
ψ(eµ · γ)ψ, O(2)3 = 4iBψγ4γ5ψ = i
4∑
µ=1
ψ(eµ · γ)γ5ψ.
An emphasis should be placed on the fact that µ = 1, 2, 3, 4 and does not include e5 in
this sum. This illustrates the S4 permutation symmetry the Boric¸i-Creutz action pos-
sesses, which is apparent in this form since these relevant operators are invariant under
any exchange of the four µ values. In addition to these two relevant operators, there are
additionally ten marginal operators2, which we will not focus on in this note. All these
operators will be generated unless the action possesses an additional symmetry.
6.4.2 Additional Symmetry?
In physical two-dimensional graphene, there exists an additional Z3 rotational symmetry.
The question that now remains is whether an analogous symmetry exists for the graphene-
inspired Boric¸i-Creutz action. Analysis on the subject [36] shows that if an action in four
dimensions poscesses the minimal Z5 permutation symmetry (or the larger two-operation
A5 or S5 permutation symmetry), then for α = 1, 2, 3, 4, 5,
5∑
α=1
eα = 0, (6.3)
which results in the relevant operators
O(1)3 = i
5∑
α=1
ψ(eα · γ)ψ = 0, O(2)3 = i
5∑
α=1
ψ(eα · γ)γ5ψ = 0.
Thus, a lattice action with this minimal symmetry would not have any relevant operators.
So does the Boric¸i-Creutz action have this minimal Z5 permutation symmetry? To
explore this question, it is useful to write the action in terms of two two-component spinors,
one which acts as the “a-site” and one which acts as the “b-site” as illustrated in Fig. 6.1.
The action written in this way is
SBC =
1
2
∑
x
[
4∑
µ=1
(
φx−µΣ · eµ χx − χx+µΣ · eµ φx
)
+ φxΣ · e5 χx − χxΣ · e5 φx
+
4∑
µ=1
(
χx−µΣ · eµ φx − φx+µΣ · eµ χx
)
+ χxΣ · e5 φx − φxΣ · e5 χx
]
,
(6.4)
with Σ = (~σ,−1) and Σ = (~σ, 1) and
ψp =
(
φp
χp
)
, and ψp =
(
φp, χp
)
.
With this two-component form of the action, examining whether or not this action has this
symmetry is most easily accomplished by looking at a two-dimensional projection of this
2See Ref. [35] for more detail on the marginal operators.
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action and using the graphene picture. In order for any of the terms to display this Z5
permutation symmetry, the choice of B = 1/
√
5 and C = 1 is required. The first line of
Eq. (6.4) is given by the left figure in Fig. 6.2 and shows the desired Z3, nearest neighbor
behavior in this two dimensional projection (generalizes to the Z5 permutation symmetry in
four dimensions). However, the next line leads to the right figure in Fig. 6.2, which violates
Z3 with next-to-nearest neighbor interactions (thus, violates the desired Z5 permutation
symmetry in four dimensions). Therefore, this action does not have the minimal symmetry
required to eliminate the relevant operators.
e2
e1
φ0,0 χ0,0
χ1,0
χ0,1
e2
e1
φ0,0 χ0,0
χ0,−1
χ
−1,0
Figure 6.2: Two-dimensional projection of Boric¸i-Creutz action with the blue duel basis
vectors eµ = e
µ−e5. (left) Projection of the first line in of the two-component action shows
nearest neighbor interactions leading to Z3 rotational symmetry. (right) Projection of the
second line shows next-to-nearest neighbor interactions breaking Z3.
6.5 Other Non-Orthogonal Actions
With the motivation of finding an action with exact chiral symmetry and this minimal
Z5 permutation symmetry needed to eliminate the relevant operators, Ref. [36] explored
several non-orthogonal actions which will be reviewed here.
6.5.1 Modified Boric¸i-Creutz Action
With B = 1/
√
5 and C = 1, the first line of Eq. (6.4) obeys the Z5 symmetry and
the second line breaks this symmetry. A logical extension is to simply delete this last line.
Therefore, using the same notation as Eq. (6.4), this action with B = 1/
√
5 and C = 1 is
given by
SMBC =
1
2
∑
x
[
4∑
µ=1
(
φx−µΣ · eµ χx − χx+µΣ · eµ φx
)
+ φxΣ · e5 χx − χxΣ · e5 φx
]
.
(6.5)
However, the analysis of this action about the pole pµ ≃ 0 yields the behavior ψ(i~γ · ~k +
γ5γ4k4)ψ. This behavior, refered to as mutilated fermions [201,202], is not the desired Dirac
structure.
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6.5.2 “Hyperdiamond” Action
A further modification to the modified Boric¸i-Creutz action to ensure the correct Dirac
structure in the continuum limit and preserve at least the minimal Z5 permutation symmetry
led to the “hyperdiamond” action, which is given by
S =
∑
x
[
4∑
µ=1
(
φx−µ σ · eµ χx − χx+µ σ · eµ φx
)
+ φx σ · e5 χx − χx σ · e5 φx
]
,
(6.6)
where
e1 =
1
4
(
√
5,
√
5,
√
5, 1), e2 =
1
4
(
√
5,−
√
5,−
√
5, 1),
e3 =
1
4
(−
√
5,−
√
5,
√
5, 1), e4 =
1
4
(−
√
5,
√
5,−
√
5, 1),
e5 = −( 0, 0, 0, 1).
and σ = (~σ,−i), σ = (~σ, i). The key difference between this action and the modified Boric¸i-
Creutz action is the imaginary fourth component of the sigma four-vectors. This alteration
allows for the action to correctly reproduce the Dirac equation about pµ ≃ 0 (which is clear
in Eq. (6.8)). In addition, the vectors eα satisfy the desired behavior needed for Z5 (or A5
or S5) permutation symmetry,
∑
α e
α = 0 and
eα · eβ =
{
1, for α = β
−1/4, for α 6= β . (6.7)
While the exact details of the transformation won’t be covered here, one can show that this
action has an A5 permutation symmetry
3 invariant under pairs of permutations, which is
enough symmetry to prevent the relevant operators from being generated. In momentum
space, the action is given by
S =
∫
p
ψp

i 4∑
µ=1
sin(pµ)e
µ · γ −
( 4∑
µ=1
cos(pµ)e
µ + e5
)
· γ γ5

ψp, (6.8)
with
ψp =
(
φp
χp
)
, ψp =
(
φp, χp
)
, and γµ =
(
0 σµ
σµ 0
)
.
From this form of the action, it is clear that it maintains exact chiral symmetry and cor-
rectly reproduces the Dirac equation in the continuum limit. Additionally, due to the A5
permutation symmetry, relevant operators will not be generated. Unfortunately, this action
yields excessive fermion doubling, not unlike the na¨ıve fermion action. An example of six
poles in addition to the one at pµ = 0 is p1 = −p2 = −p3 = p4 = cos−1(−2/3).
3See Ref. [35] for details.
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6.6 The Wilczek Action
Karsten [198] and Wilczek [199] pointed out, over twenty years ago, the possibility of
minimal doubling with an explicit construction. The Wilczek action has the form
SW =
1
2
∑
x,µ
[
ψ(x)γµψ(x+ µ)− ψ(x)γµψ(x− µ)
]
+ 3λ
∑
x
ψ(x)iγ4ψ(x)
− λ
2
∑
x,j
[
ψ(x)iγ4ψ(x+ j) + ψ(x)iγ4ψ(x− j)
]
, (6.9)
with λ > 12 as a parameter. The action is diagonal in momentum space
SW =
∫ pi
−pi
d4k
(2π)4
ψ˜(k)D−1(k)ψ(k), (6.10)
with the propagator D(k) given by
D(k) =

∑
µ
iγµ sin kµ − iγ4λ
∑
j
(cos kj − 1)


−1
. (6.11)
There are exactly two poles of the propagator, namely at the values k
(1)
µ = (0, 0, 0, 0), and
k
(2)
µ = (0, 0, 0, π). As this action has been analyzed in detail previously [203], we shall not
pursue the decomposition of the fields in terms of flavor and chirality. Instead we will focus
on the discrete symmetries of the action:
1. Cubic invariance
2. CT invariance
3. P invariance
4. Θ invariance,
where Θ is the time link-reflection symmetry operator. For the Boric¸i and Creutz actions,
Θ is not a symmetry.
Given these discrete symmetries, it is straightforward to write down the relevant and
marginal terms in the Symanzik action. There is one relevant operator
O3 = ψiγ4ψ,
and several marginal operators
O(1)4 = FµνFµν
O(2)4 = F4µF4µ
O(3)4 = ψ¯ D4γ4 ψ
O(4)4 = ψ¯Dµγµψ
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As with anisotropic lattices, the breaking of hypercubic symmetry down to cubic symmetry
requires a speed of light tuning. It has been argued in Ref. [203] that the relevant operator
can be absorbed by a field redefinition, namely
ψ −→ exp
(
− ic3x4
a(1 + c
(3)
4 )
)
ψ, (6.12)
where c3 is the non-perturbatively determined coefficient of the operator O3 in the Symanzik
action, while c
(3)
4 that of O(3)4 . The field redefinition, however, modifies the boundary con-
dition and just moves the fine tuning problem from the bulk of the action to the boundary.
The physical reality of this term can be ascertained by noticing that it plays the role of an
imaginary chemical potential. The relevant operator thus cannot be avoided in the case of
the Wilczek action.
6.7 Conclusion
Non-orthogonal lattice actions can be used to enforce desirable features from a lattice
action. As shown for the Boric¸i-Creutz action, clever discretizations can enforce exact
chiral symmetry and minimal doubling. However, upon gaining these benefits, additional
symmetries are broken, which can (and often will) lead to the generation of relevant or
marginal operators from radiative corrections. An intricate balance of symmetry is needed
in a discrete lattice action in order to have exact chiral symmetry, minimal doubling, and
no relevant operators. At this time, no non-orthogonal lattice action has accomplished this
task. However, this is by no means a proof that such a lattice action does not exist. The
possibility still stands that an action with just enough symmetry to rule out these relevant
operators exists and if found, it would be a very efficient, cheap way to simulate chiral
fermions.
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Chapter 7
Discussion and Outlook
Effective field theory provides a formalism not only to account for lattice spacing effects
from lattice QCD, but also can be used extract information indirectly from lattice calcula-
tions or account for potential issues using new lattice actions. In this work, examples from
all three of these categories have been presented.
Lattice QCD is now entering a truly interesting time as a result of increased compu-
tational power and improved algorithms. In fact, several groups are currently performing
simulations at the physical pion mass [204, 205]. For the first time, physically accurate
non-perturbative calculations involving nuclear interactions, hadronic spectra, and QCD
thermodynamics realistically appear to be on the horizon.
In one sense, extrapolation formula to the physical point from effective field theory are
not necessary if the calculations are at physical pion masses. While both finite volume and
lattice spacing effects are just as, if not more, significant as a systematic error, increased
computing power can reduce these effects substantially. However, from the point of view of
the effective field theory, there are several interesting questions that can finally be addressed.
For example, the pion mass is thought of as a small expansion parameter in hadronic effective
field theories; is this mass small enough to capture all the chiral dynamics?
An additional question of interest is how to extract parameters from effective field theory
at the physical point. For example, the sigma parameter in HBχPT is one of great interest
restricting dark matter models and the KN coupling is important for kaon condensation
scenarios in neutron stars. One suggestion proposed in this work in Chapter 5, is to employ
an isospin chemical potential as an additional parameter (or knob) that can be varied to
help extract these parameters.
Ultimately, effective field theory and lattice QCD are subjects often intertwined. Effec-
tive field theory can be used to make clever proposals for lattice QCD measurements and
alternatively, lattice QCD results can have interesting, unexpected effects that can alter
the underlying assumptions of an effective field theory. For this reason, the two fields will
remain intertwined as we enter this new era of hadronic physics.
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Appendix A
Scalar Field on the Lattice
As in Ref. [2], the partition function for a theory with only a scalar field is given by
(neglecting source terms)
Z =
∫
d[φ]eiS(φ), (A.1)
where d[φ] =
∏
n dφn represents all possible paths of φ and
S(φ) =
∫
d4xL(φ, ∂φ). (A.2)
Performing the Euclidean rotation, x0 → ix4,
eiS(φ) → e−SE(φ). (A.3)
The Euclidean correlation function is related to the vacuum expectation value of the time
ordered fields,
〈φ(xE)φ(0)〉 = Z−1E
∫
d[φ]φ(xE)φ(0)e
−SE (φ) = 〈0|T [φˆ(xE)φˆ(0)|0〉 (A.4)
The operator φˆ(xE) can be written as,
φˆ(xE) = e
−Hˆx4−iˆp·xˆφˆ(0)e−Hˆx4+ipˆ·x (A.5)
which results in the correlation function,
〈φ(xE)φ(0)〉 = 〈0|φˆ(0)e−Hˆx4+ipˆ·xφˆ(0)|0〉. (A.6)
Inserting two complete set of states,
〈φ(xE)φ(0)〉 =
∑
n,m
Nnm〈0|φˆ(0)|n〉〈n|e−Hˆx4+ipˆ·x|m〉〈m|φˆ(0)|0〉
=
∑
n
Nn
∣∣〈0|φˆ(0)|n〉∣∣2e−Enx4ep·x (A.7)
where Nn represents the proper finite volume normalization. The key result is that the
calculation of the correlation function is a sum of decaying exponentials whose arguments
are the energy at each level multiplied by the length in the Euclidean time direction. Since
the ground state is the smallest energy, if we examine the correlation function at long
times, the dominant term will be proportional to e−E0x4 . Thus, by taking logarithms of
appropriate ratios at large x4, we can extract the ground state energy, which for a two point
correlator is the mass.
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Appendix B
Three or more flavor χPT at NLO
The NLO continuum χPT Lagrangian contains operators at O(p4), O(p2mq), and
O(m2q). The continuum Lagrangian is given by
Lcont = L1
(
tr(∂µΣ
†∂µΣ)
)2
+ L2tr(∂µΣ
†∂νΣ)tr(∂µΣ†∂νΣ)
+L3tr(∂µΣ
†∂µΣ∂νΣ†∂νΣ)
+L4tr(∂µΣ
†∂µΣ)tr(mqΣ† +Σmq)
+L5tr
(
((∂µΣ
†∂µΣ)(mqΣ† +Σmq)
)
+L6
(
tr(mqΣ
† +Σmq)
)2
+ L7
(
tr(mqΣ
† − Σmq)
)2
+L8tr(mqΣmqΣ+ Σ
†mqΣ†mq). (B.1)
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